Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 






^P. 



, ... . ;■■■'-. i- ■; -''■■-■ -\v.- ■• 

I 

vr-:/;' - »^ ■■ ■,•- 






A 



M 






Fraf.JJI.Sollwt«rl* 



L-' 






■v.- ■. l - 



's \/.\V ' 'y.t'^'l. ' 



,r '' 



^■mi^^^i 



£<:■^^^'^-\■''■~'-'^0■^ «:>*: 






•4 ->;■••■,,, _^ - 



;*<}•; ■•"••'-- « -*^v- ■ ■■■ . ' ■ ••■-. ..«'>■ .. ;■ ... 

' ."' ■' .'V% ':<• ' ■-"■ '■' y^-J- ^ '■\'-'-'\ V ■' ■ " ■ y.. ... j J l-^ ■' '-,'■ 

r<-.^- . ■ J J ■.:■-'.■-■■''».- -■ .- ' . .- -^ '■• ' 

:>:f*^ .■-■■'^i- '^ /;-, V -^^^ ■ /-s. t*' 7, 1- ' ^.^^ V-.- J ■'■_■ ■■..^u^. • 

%^'^l■-.^f^'■^\i■^'.'■ ' . '*•' Z-''^* .<' r -■ ^'.■'' ^l-- .y-' 
P ^- :<^^=-v • U' V '■■"■ V ■ ■ " ■•■■ ^ ^■■- '■■■' < ■ i---^' -*'^ ■ '^ ■■ 



fli^iaiiTfi- ^.^^^■^ ■,;■"•■■ ■<v 






ifl by Google 






ifl by Google 



ifl by Google 



J^. 



OOTJE/SE 



ALGEBRA 



Being Course One in Mathematics 

IN THE 

University of Wisconsin. 



C: A, VAN VELZER and CHAS. S. SLIGHTER- 



Digmzefl by Google 



CopriuoHTED 1888 
,">. A. VAN VELZER AND CHAS. 8. SLIGHTER. 



Digmzefl by Google 



6^ ^ 



PREFACE. 



The present volume originated in a desire on the part of the 
authors to furnish a text of Course I. as was previously mapped 
out by the department of mathematics at the University of 
Wisconsin. 

The orginal intent was to produce a syllabus for the use of 
students in this institution, but it was subsequently thought that 
a work which would be useful here might also be found useful 
elsewhere, and hence, it was decided to give the work more the 
character of a treatise than a syllabus. To insure the best results 
it was thought desirable to print the present preliminary edition 
and put it to the test of class room work, and at the same time to 
invite criticism and suggestions from teachers and others inter- 
ested in mathematics, and then from the results of the authors' 
tests, and from the experience of others, to rewrite the work, 
changing it freely. For these reasons the treatment of many 
subjects in the following pages should be understood as merely 
tentative. The final form will depend entirely upon the results 
of experience. 

An examination of the text will reveal many deviations from 
the beaten path, but the idea was not to deviate simply for the 
sake of being different from others ; on the contrary the authors 
have freely drawn from other works. The sources from which 
material has been most largely drawn are the following: For 
problems, Christie's Test Questions and Wolstenholm's Collec- 
tion ; for various matters in the text, K-cmpt's Lehrbuch in die 
Modeme Algebra, and the algebras of Chrystal; Aldis; Hall and 
Knight; Oliver, Wait and Jones; and Todhunter ; for historical 
notes, Marie's Histoire des Sciences Mathematiques et Physiques, 
and Matthiesen'sGrundzuge der Antiken und Modemen Algebra. 
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Part II. of the present work, containing chapters on Imagin- 
aries, the Rational Integral Function of x, Solution of Numerical 
Equations of Higher Degree, Graphic Representation of Equa- 
tions, and Determinants, has already appeared and for this part, 
as well as for the present volume, suggestions are invited. 

Several modiiications have already suggested themselves to the 
authors, but it is hoped that any into whose hands either volume 
may fall will communicate with the authors with leference to any 
changes before the work is put in permanent form. 

University of Wisconsin, 
Madison, Wis, 1888. 



ifl by Google 



TABLE OF CONTENTS. 



CHAPTER I. 

Introduction, - - - - i 

CHAPTER 11. 
Theory of Indices. - - - - '5 

CHAPTER III. 
Radical Quantities and Irrational Expressions, 35 

CHAPTER IV. 
Quadratic Equations Containing Oxe Unkxowm 
Quantity, - - - - - 51 

CHAPTER V. 
Theory op Quadratic Equations and Quadratic 
Functions, - . - - - 64 

CHAPTER VI. 

Single Equations, - - - - 74 

CHAPTER VII. 

Systems of Equations, - - - 89 

CHAPTER VIII. 
Progressions, . . . . - ic6 

CHAPTER IX. 
Arrangements AND Groups, - 114 

CHAPTER X, 
Binomial Theorem, .... 130 



Digmzefl by Google 



CHAPTER XI. 



Theory of I,rMiTs, 



CHAPTER XIJ, 
Undetermined Coefficients, 



Derivatives, 



EOGARITHMS, 



CHAPTER XIII. 

CHAPTER XIV. 
CHAPTER XV. 



164 
183 
196 



Digmzefl by Google 



ALGEBRA. 



CHAPTER I. 

INTRODUCTION. 

1. Definitions. When we wish to use a general tenn which 
shall include in its meaning any intelligible combination of alge- 
braic symbols and quantities, the word Expression will be adopted. 
Thus 

may be called expressions. It includes the words polynomial, 
fraction, and radical sca^ more besides. 

When we wish to call attention to the fact that certain specified 
quantities appear in an expression it may be called a Function of 
those quantities. Thus if we desire to point out that x appears in 
the first expression above, it would be called a function of x. If 
■we wish to state that a, 6, c, and d occur in the second expression, 
we would call it a function of a, b, c, and d. If we wish to say 
that y occurs in the last expression, it may be called s. function of 
y, or if we wish to say that o, b, and y occur in it, we would 
speak of it as a function of a, b, andy. A formal definition of the 
word function would be ; 

A Function of a quantity is a name applied to any mathemati- 
cal expression in which the quantity appears. 

2. Definition. An expression is Integral with respect to any 
quantity or quantities, that is, is an integral function of those 
quantities, when the quantities named do not appear in any man- 
ner as divisors. Thus ^x'-^\x—-y2 is integral with respect to 
X ; that is, is an integral function of x. 

a— b+a'b ab 

x'-i-xy X 

is integral with respect to a and b, but fractional with respect to 
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jx a.nA.y ; that is, is an integral function of a and b. but ^fracHonal 
function of ^ and^, the word fractional meaning just the opposite 
to integral. 

3. Definition. An Expression is Rational with respect to 
any quantity or quantities, or is a rational function of those quan- 
tities, when the quantities referred to are not involved in any 
manner by the extraction of a root. Thus 

is rational with respect to x, but irrational with respect to c and 
4; that is, it is a rational function of .ir, but an irrational function 
of c and d, the term irrational being used in just the opposite 
sense from rational. 

4. An expression may be both rational and integral with re- 
spect to certain quantities, in which case it may be spoken of as a 
Rational Integral Expression with respect to those quantities, or 
as a rational integral function of the quantities. In the same 
way we may speak of an expression which is rational and frac- 
tional with respect to certain quantities as a Rational Fractional 
Expression with reference to those quantities, or as a rational 
fractional function of the quantities. In like manner we may use 
the terms Irrational Integral Expression and Irrational Fractional 
Expression, or Irrational Integral Function or Irrational Frac- 
tional Function. 

In the following examples the student is expected to answer 
the question, What kind of an expression? with reference to the 
quantities specified opposite each. 

/. ax^-'t-a'x'-^a'x. With respect to x? to a? to :t and a? 



«(■ 



-V7 



With respect to u? to r 



J. bx^ r+-*^- With respect to jc? to_j'? to x and^v? 

s/a x'-f-^*-l-'\/c With respect to x"*. toj? 
^' ay'-\-by-^c ' to ^ and j? to a, A, and c? 

5, Definition. If by any operation, we render an expres- 
sion integral with reference to certain quantities, in respect to 
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Introduction. 3 

which it was previously fracticmal, we are said to Integralize the 
expression with respect to those quantities. Thus the expression 

a'x" 2a6 d'Af 

~** ■*" jC ■•" o 

is integralized with respect to a and d if it is multiplied by aii. 

Similarly, if, by any operation, we render an expression 
rational with reference to certain quantities, in respect to which 
it was previously irrational, we are said to Rationalize the expres- 
sion with respect to the quantities named. Thus if we square 
the irrational expression 

^x-'+\/al xy+y 
it is rationalized with respect to x and^. 

6. Definitions. The Degree of a term with respect to any 
quantity or quantities is the sum of the exponents of the quan- 
tities named. Thus ai^xy is of the third degree with reference to 
X, of the first degree with reference to y, of the fourth degree with 
reference to x and _y, of the third degree with reference to a and 
fi, etc. But the degree with reference to any quantities is not 
spoken of unless the term is rational and integral with respect to 
those quantities. Thus we do not speak of the degree of such a 

IT 
term as ^--:> with respect to either a or x. 

The Degree of a polynomial with respect to any specified quan- 
tities is the degree of that one of its terms whose degree (with re- 
spect to the same quantities) is highest. Thus, x'—ai.jfy'-i-cxy 
is of the third degree with respect to x, of the second degree with 
respect to j/, and of the fourth degree with respect to x and _y. 
But the degree of a polynomial is not spoken of unless the poly- 
nomial is rational and integral with respect to the quantities 
specified. 

It can easily be seen that the degree of the product of several 
polynomials is the sum of their separate degrees. Thus 

(x'+xy+y)(x:y + bx'y) 
is of the fifth degree with respect to x and y ; of what degree is it 
with respect to x? with respect toj'? 

The Degree of an Equation is the degree of the term of highest 
degree with respect to the unknown quantities. But both mem- 
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4 Algebra. 

bers of the equatioa must be rational and integral with respect to 
the unknown quantities and the indicated operations must be per- 
formed ; otherwise the degree is not ^>oken of. 
What is the degree of 

Instead of speaking of expressions as being of the first or of the 
second or of the third degree, they are commonly designated by 
adjectives borrowed from geometry as linear or quadratic or cubic 
expressions respectively. An expression of the fourth degree is 
sometimes called bi-quadratic, meaning twice squared. 

In place of the expression, "of the second degree in respect to 
X," it is common to say, "of the second degree in x." 

7. Definitions. A polynomial is Homogeneous with respect 
to certain quantities when all its tenns are of the same degree 
with respect to those quantities. Thus a?-^a'b-\-al?-\-l^ is homo- 
geneous with respect to a and b. 

An equation is Homogeneous when all the terras are of the same 
degree with reference to the unknown quantities. Thus the equa- 
tion 3fy-\-y^-\-x'=o is homogeneous, but x'y-\-y'-\'X'=-20 is not 
homogeneous. 

It is to be noted here that we use the term homogeneous equa- 
tion in the strict sense, following the established use of the term. 
But in some American text books homogeneous equation includes 
equations like x'yiry^-Vx^=^o, that is, no account is taken of 
terms involving nothing but known quantities. 

8. Definition. An expression is Symmetrical with respect 
to two quantities if the expression is unaltered when tire two 
quantities are interchanged. Thus x^-Yy^ is symmetrical with re- 
spect to X and_Vi for putting^ for ji: and x iot y we obtain _>^+.r', 
which is tlie same as the original. Also jr'+ajt+a' is symmet- 
rical with respect to a and x. Is jr'-f-ajiy—y symmetrical with 
reference to x and y ? 

An equation of two unknown quantities is symmetrical when 
the interchange of the unknown quantities throughout does not 
modify the equation. Such is 

x-Vx'y-^xf-^y-^ 1024. 
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Introduction. 5 

9. Incommensurable Numbers. Algebraic numbers* may 
"be divided into two kinds, depending upon the relation which 
they bear to the unit or unity. If a number has a common 
measure with unity, it is called a commensurable number. Thus 
7 is a commensurable number ; also f is a commensurable number, 
since one quarter of the unit is a common measure between f and 
nnity. Commensurable numbers thus include both integers and 
fractions. If a number has no common measure with unity, it is 
called an incommensurable number. Thus v' 2 is incommen- 
surable. A little consideration will show that •/ 2 cannot be an 
integer nor a fraction. It is not an integer because (o)'=»o, 
(i)'=i, and {2)''=4, and there are no integers intermediate be- 
tween these. It cannot be a fraction, for if possible suppose that 
some irreducible fraction, represented by-r, equals v' 2 . Then 

V 2 ™ — — , or squaring, 2="-^, which is absurd, for an integer 

cannot equal an irreducible fraction. Therefore v' 2 is not a 
fraction. But it ts an exact quantity, for we can draw a geomet- 
rical representation of it. Take each of the two sides, CA and 
CB, of a right angled triangle equal to i . Then AB, the hypoth- 
enuse,willequal^(i)"-|-(i)'=%^ 2 Thus A-^ 
v' 2 is the exact distance from A to B, 
which is a perfectly definite quantity. 
Thus the idea that incommensurables are 
indefinite or inexact must be avoided. (1) 
This notion has arisen because the frac- 
iions we often use in place of incommen- 
surables, such as 1.41424- for -/ 2, are 
merely approximations to the true value. c~" 

We now give a property of incommensurable numbers which 
will serve to make their separation from the class of commensur- 
able numbers (integers and fractions) more apparent. It is that 
an incommensurable number when expressed in the decimal scale 
never repeats, while a commensurable number so expressed always 
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6 Algebra. 

Thus, 75=75.0000000000+ repeating the o. 

^"" .5000000000+ repeating the o. 
i— -3333333333+ repeating the 3. 
-^= .279279279279+ repeating the 279. 
v' 3 = 2,7320508+ never repeating. 
^20= 2.7144177+ never repeating . 
-= ^.ii^i^g26+ never repealing. 
The student should endeavor to get a feir notion of what is 
meant by an incommensurable number. It is a difficult idea to 
grasp at once, but it is one which the student should continue to 
consider until the conception takes a definite and rational shape. 

POSITIVE AND NEGATIVE QUANTITIES. 

10. In Algebra we are often called upon to distinguish between 
quantities which are directly opposite each other ; as, for instance, 
degrees above zero from degrees below zero on a thermometer scale, 
distance north of the Equator from distance south of the Equator, 
distance east of a given point from distance west of the same given 
point, etc. 

The distinction is made by means of the signs + and — , e. g., 
if +10° means a temperature of 10° above zero, then —10° would 
mean a temperature of 10° below zero, and if + 10 miles means 10 
miles north of the Equator, then —10 miles would mean 10 miles 
south of the Equator, and if +10 rods means 10 rods east of a 
given point, then — 10 rods would mean 10 rods west of the same 
given point, and if +10 be ten units of any kind in any sense, 
then — 10 would be ten units of the same kind in just the opposite 
sense. 

These two kinds of quantities are called positive and negative. 

11. The distinction between positive and negative quantities is 
made by means of the same signs as are used to denote the opera- 
tions of addition and subtraction, and it might seem that it is un- 
fortunate and unnatural that the same signs are used in these two 
ways. It may be unfortunate, but it is not unnatural, as we pro- 
ceed to show. 

12. Suppose that, by one transaction, a man gained $500, and 
by another he lost $700 ; then he lost all he gained and $200 more. 
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Positive and Negative Quantities. 7 , 

or his capital suffered a diminution of $200. If his original 
capital was $1,000, then the first transaction increased it to 
$1,500, and the second transaction diminished it to $800. Thus 
an addition of $500 followed by a diminution of $700 is equivalent 
to a single diminution of $200, or 

$i,ooo+$5oo— )t7oo=$i,ooo— $200. 

Hence $500— $yoo when Joined to $1,000 may be replaced by 
— $200 joined to $1,000. 

Now, as any other original capital would have answered as well 
as $1,000, we may neglect that original capital and write 
$500— $700=- —$200. 

Thus we see, by this illustration, that it is natural to prefix the 
minus sign to the $200 to indicate a resultant loss of $200. 

13. We might have used an illustration involving some other 
TixaA of quantity than money, as time, distance, etc., and have ob- 
tained an equation similar to the one just written. We may then 
make an abstraction of the $ sign and write simply 

500— 700= — 200. 

14. In Arithemetic we are concerned only with the quantities 

o, I, 2, 3, 4, etc., 
and intermediate quantities, but in Algebra we consider besides 
these the quantities 

o. —I, —2, —3, —4, etc., 
and intermediate quantities. 

15. We may represent these two classes of quantities on the 
following scale, 

-5. -4. -3. -2, -1, o, I, 2, 3, 4, 5 

which extends indefinitely in both directions from zero. 

The sign + perhaps ought to precede each of the quantities at 
the right of o in this scale, but when no sign is written before a 
<[uantity the + sign is always understood. 

16. Quantities to the right of o in the above scale are positive 
and those to the left of o are negative, or we might say Arabic 
numerals preceded by a + sign or by no sign at all are positive 
quantities, and Arabic numerals preceded hy a — sign are negative 
quantities. 
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S Algbbba. 

17. In Algebra quantities are represented by letters, but a letter 
is just as apt to represent a quantity to the left of o in the above 
scale as it is to represent one to the right of o ; so that, while in 
the case of a numerical quantity, i. e. one represented by figures, 
we can tell whether the quantity represented is positive or nega- 
tive by the sign preceding it, yet, it the case of a liieral quantity, 
t. e. one r^Heaented by letters, we catmot tell by the sign before 
it whether the quantity represented is positive or negative. 

If we speak of the quantity 5 we know that it is positive, but if 
we speak of the quantity a we do not know by the sign before it 
whether it is positive or negative. 

We know that — 5 is negative, but we do not know that —a is 
negative. 

A minus sign be/ore a letter always represents a quantity of the 
opposite kind from that represented by the same quantity with a plus 
sign orno sign at all be/ore it. Thus, if fl=3, then — a=— 3, and 
if a=— 3, then— a=3. 

18. Ivooking at the above scale it is evident that of any two 
positive quantities the one at the right is greater than the other or 
the one at the left is less than the other, e. g. io>6 or 6<io. 

Now it is found convenient to extend the meaning of the words 
"less than" and "greater than" so that this same thing shall be 
true throughout the whole scale. 

Thus we would say that 

— 5<— 3 and— 2<o. 
It should be carefully noticed that this is a technical use of the 
words "greater than" and "less than" and conforms to the pop- 
ular use of these words only when the quantities are positive- 

Of course it would be wrong to say that —2 is less than o if we 
use "less than" in the popular sense, because no quantity can be 
less than nothing at all, in the popular sense of "less than." 

In objecting to the use of the words "less than" in the popular 
sense. Prof. De Morgan, one of the great mathematicians of Eng- 
land, says: "The student should reject the definition still some- 
times given of a negative quantity that it is less than nothing. , It 
is astonishing that the human intellect should ever have tolerated 
such an absurdity as the idea of a quantity less than nothing ; 
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Introduction. 9 

above all, that the notion should have outlived the belief in 
judicial astrology, and the existence of witches, either of which 
is ten thousand times more possible." 

This strong language is directed against the use of the words 
"less than" in the pwpular sense, but let the student keep in 
mind that the words are used in a technical sense and there will be 
no objection to such an inequality as — 2<o. 

Illustrations. — If we speak of temperature as indicated by a 
thermometer scale, then "greater than" means higher and ''less 
than" means lower. If we speak of distance east and west and 
agree that distances measured east are positive, then "greater 
than " means "east of" , and "less than" means "west of " . If we 
agree that distances measured north are positive and those meas- 
ured south are negative, then " greater than" means "north of'\ 
and "less than" means "south of"^ etc. 

THE RULE OF SIGNS IN MULTIPLICATION AND DIVISION IN 
ALGEBRA. 

19. If w^ take a and b any two positive quantities, it is easy to 
see that the notion of multiplication we get from arithmetic will 
enable us to deal with any case of multiplication where the mvl- 
tiplier is a positive quantity, for, evidently, a can be repeated b 
times, and so can —a be repeated b times, but a cannot be repeated 
— b times, e, g. 3, and also —3, can be repeated 5 times, but 3 
cannot be repeated —5 times. 

Thus, when the multiplier is negative, multiplication has no mean- 
ing according to the arithmetical notion of multiplication, and so we 
are obliged to broaden our ideas of multiplication in some way or 
else exclude the operation when the multiplier is negative. 

20. The primary definition of multiplication is repeated addi- 
tion, yet, even in arithmetic, the word outgrows its original 
meaning, for, by no stretch of language, can the operation of mul- 
tiplying ^ by ^ be brought under the original definition. 

According to the original definition, multiplication, in arithme- 
tic, is intelligible so long as the multiplier is a whole number. 

3 can be repeated 4 times, and so can \ be repeated 4 times 
but 4 cannot be repeated \ a time. 
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lo Algebra. 

I repeated 4 times is i multiplied by 4, yet, in arithmetic, 4 
multiplied by ^ is a familiar operation. 

Let us inquire how this comes to have a meaning, and how it 
happens that 4 multipUed by \ turns out to be \ of 1^. 

21. As long as a and b are positive ivhole numbers it is easy to 
see tbata*=*a. 

Suppose, to fix the ideas, that «^3 and ^=5, then we may 
write down 5 rows of dots with three dots in each row, thus — 



and we have in all 5 times 3 dots. But we may look at vertical 
rows instead of horizontal ones and we see three rows with 5 dots 
in each row, and of course the number of dots is the same ; so we 
may say 

5X3=3x5- 
Any other positive whole numbers would do as well as 3 and 5, 
and so if a and b are any positive whole numbers, 

ab!=ba, 
i. e., in the product of two numbers, it is indifferent which is the 
multiplier and which the multiplicand, so long as both numbers are 
integers. 

22, Now, in arithmetic, the Operation of multiplication is so 
extended that even when one of the quantities is a fraction it shall 
still be indifferent which of the two quantities is the multiplier and 
which the multiplicand. 

'Y\ns gives a meaning to multiplication when the multiplier is a 
fraction, and thus it happens that 4 multiplied by \ is taken to- 
mean the same as \ multiplied by 4. * 

23. In exactly the same way in algebra, the operation of mul- 
tiplication is extended so that whatever numbers, positive or neg- 
ative, integral or fractional, are represented by a and b we shall 

^ always have 

ab=ba. 
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and since we know what is meant by —3 multiplied by 5, the 
equation ab~ba gives a meaning to 5 multiplied by —3. 
.-. 5 multiplied by —3= — 15. 
From this we are led to say that when the multiplier is neg- 
ative, the product is just the opposite from what it would be if 
the multiplier were positive. 

Therefore, if a and b are any two positive quantities, we may 
write the following four equations : 

a.b=ab (i) 

(.~a).b ab . (2) 

«■(-*) -^^ (3) 

(-«)■(-*)=«*■ (4) 

From the ist and 4th we conclude that the product of two posi- 
tive quantities or two negative quantities is positive, and from the 2d 
and 3d, the product of one positive and one negative quantity is neg- 
ative. 

24. The four equations just written are true whether a and 
b are positive nor not. 

Consider, for example, the second equation under the supposi- 
tion that a is negative and b positive ; then (~a).b becomes the 
product of two positive quantities and is therefore positive, but 
—ab is a/so positive in this case, as it should be, rendering the 
equation still true. And so of the other equations, whether a and 
i> are positive or not Therefore, directing our attention to the 
signs, we may say that the product of two quantities preceded by 
/ike signs is a quantity preceded by the + sign, and the product 
of two quantities preceded by unlike signs is a quantity preceded 
by a — sign. 

This statement is usually shortened into the following — 

In multiplication /ike signs give plus and un/ike signs give 

This is often confused with the statement in italics in the pre- 
ceding article. They are not identical, but both are true. 

25. As division is the inverse of multipUcation, it easily fol- 
lowsi that the quotient of two positive or two negative quantities is 
positive, and that the quotient of a positive by a negative quantity. 
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12 Algebra, 

or a negative by a positive quantity, is negative. It also follows 
that in division like signs give plus and unlike signs give minus. 
The proof of these two statements is left as an exercise for the 
student. 

26. Theorem. The difference between tike powers of two quanti- 
ties is exactly divisible by the difference of the quantities themselves. 

It is easily seen on trial that 

{a'-x'')^{a-x)=a+x. 
(a''--x')Ma-x)=a'+ax+xf. ' 
{a'-x')^(a-x)=a>-\-a'x-\-ax'+x\ 
(a>'--:ifi)^(a—x)'^a'-{-a^x+a'x!'+ax^-\-x'. 
Observing the uniform law in these results it would be at once 
suggested that the theorem is universally true ; that is, that what- 
ever be the value of n, 

f-'TjC.=a—'+a"-'x+a--^x'-\- . . -\-a'x"-^+ax^'+x^-'. (i) 

This can easily be shown to be true, for multiplying the right 
hand side of this equation by a—x it becomes a"~x", as follows': 

a"--f-<i"-':>r-f-t("-^^-f- . . . +<fx"-''+ ax"-'+x^-' 

V ■^a"-'x+a'-'x'+ . . . +a'x—'-i-a'x—'+ax"— 

—a''~'x—a'"^x'— . . . —a'x"~^~a'x"~'—ax~~'~x' 
a" +o ""+o ^ +".""r7T^ +^ +0 ^^ 
But multiplying the left hand side of equation (i) by a—x we 
obtain a'—x" also. Hence equation (i) reduces to 

and hence must be correct. 

27. Theorem. The difference of like even powers is exactly 
divisible by the sum of the quantities themselves. 

It will be found on actual division that 
{a'-j<^)^{a-\-x-)=a-x. 
{a'-^).^(a-Vx)=a^-a'x-k-ax'—xK 
(a^—xf')~^{a-^x')=a''~a'x-k-a'x'~a'x'-k-ax^~x?. 
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The obvious uniformity in these results forces the suggestion 
that the law of formation of the quotient will hold in any similar 
case. That is, that 

'^ ~^—a'——a—'x+a"-'x'— . . . —a'xf-^+ax'-'—x—', (i> 

where we have given the — sign to the odd powers of x. n being 
any even number. Multiplying the right hand side of the equa- 
tion by a—x we obtain a''~x", thus : 

a"-— a'-jc+a"-'^— , . . ~a'x"-'+ax"~'—x"- 

_^__ a+x^ 

a" —a'-'x+a'-'x"— . . ". —a^x"~^-\-a'x"-'—ax"-' 
^■a'-x—a°-'x'+ . . . +a'x"-^—a'x'-'+ax'"'—x" 



• a' +0 +0 + .. . . +0 -fo +0 ~x" 
But multiplying the left hand side of equation (i) by a-\-x we 
obtain fl'—jir" also. Hence equation (i) must be true, since it 
reduces to 

28. Theorem. The sum of like odd powers of two quantities is 
exactly divisible by the sum of the quantities themselves. 

By trial we find this theorem holds in the first few cases as 
follows : 

{a+x)^{a+x)~-i. 
{a'+x^-)^{a-\-x)~a'-ax+x'. 
{a^^jfi)^{a+x)^a'-a'x+a'x'-ax>+x'. 
(a'+x')-i'ia-\-x')=a''—a^x+a'x'—a^x^-\-a'x'—ax'+x:'. 
The simple law in the formation of these results would naturally 
suggest the general truth of the theorem. That is, that 

^-~ — ~a'-'~a"'^x+a"-^x'~ . . . +a''x"-^—ax"-'+x'-', (i) 

where the terms containing the odd powers of .r have the minus 
sigUi M being any odd number. Multiplying this equation through 
by a+x it becomes 

a'+x'^a-'+x-, 
and hence must be true. 
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14 Algsbra. 

29. The last three theorems have such a variety of applications 

that it is important that they should be committed to memory. 

We suggest the following scheme for keeping them in mind : 

jir— a divides the difference of like powers. 

J- J .!_ \ di£f<T^cc of like even powers, 
x+a divides the < -■,•,,, 

( sum of like odd powers. 

The two cases which x+a divides can be kept distinct from 

one another by noticing that the words diffetence and even, which 

go together, are the words which contain the f's. 
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CHAPTER II. 

THEORY OF INDICES. 

1, By the definition of a power of a number, a' equals the 
tinued product of n factors each equal to a. 

a"^a a a a to n factors, 

n being a positive whole number. 

2. To find the product of two powers of the same letter. 



Again, 



In each case it is to be noticed that the exponent of the pro- 
duct equals the sum of the exponents of the two factors. 
In general, if « and r are any positive whole numbers, 

a''=a a a a to « fectors, 

a'=a a a to r factors. 

,-. a-a'^a aaa. .' . . .to (n+r) factors =tf"+'. 
In the present chapter the fonnula, 

a-a'^a"*-, (a) 

will be referred to as formula a. 
This may be expressed in words thus — 

The product of two powers of a quantitiy is equal to that quantity 
with an exponent equal to the sutu of the exponents of the two fac- 
tors, 

3. We may also find the product of the same powers of different 
quantities. 

a^l^^'a a b b=(al)(ab)^(a6J'; 
also a'b'^a aabb (>=(ab)(ab)(ab)=(ab)\ 

And so in general, 

a'b'=a a a . ,. . to « fectors xb b b . . . to w factors, 
= (ab)(ab}(ab) . . . to « factors, each of which is ab, 

-(ab): 

.-. a-lf-fab): 
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4. In the case just considered we have the same power, but a 
and b may be different. In Art. 2 we had the same teller, but the 
powers may have been different. The student should not con- 
fuse these two cases. 

5. The equation (i'fl'=(j"+' may be extended. Multiplying 
both sides of the equation by a* we have 

.'. a'a''a*=a''+'a''. 
By equation (a) the right hand member equals a"*'*'. 

a"a''a'=a"-^'^'' , 
and so on, evidently, for any number of factors. 
Now the exfKinents n. r, / may all be the same. 
.:. ^a--a--.ot(a-)-~a", 
and a"a"a"'''a^\ or (a")^^a'", 
and so on. - Therefore, evidently, 

(a"r~a-". (b) 

n and r being a/ijy positive whole numbers. This formula will be 
referred to as formula {b). 

6. The equation a"b''=(ab)" may be extended. Multiplying 
both sides of this equation by c" we obtain 

a"frc"=(ab)"r=(abc)", 

and so on, evidently, for any number of factors. Hence, the 

product of the «th powers of any number of quantities is equal to 

the «th power of the product of those quantities. 

EXAMPLES. 

/. Multiply x^ by x^. 

3. Multiply x'' by x^. 
J. Multiply x^ by J^^ 

4. Multiply ~x' by x'. 
J. Multiply ~x^ by —xK 

6. Multiply (—x)* by (~x)\ 

7. Multiply x^hy(—x)^. 

5. Multiply jr' by ("— ;ir/. 

9. Multiply r^r by ri/. 

10. Multiply (-\)- by (-\}\ 

11. Multiply i'ia-)' by a*. 

12. Multiply 2', a* and a^ together. 
ij. Multiply ('2a/ by a^ 



ifl by Google 



Compare with example zi. 



Theory of Indices. 

14. Multiply I — by x'. 

15. Multiply I 

16. Multiply - j by x'. 

17. Multiply x' by x^. 

18. Multiply X*, 2' and x' together. 
79. Multiply x' by (2xp. 
20. Multiply 3', X*, 2' and x^ together. 
sr. Multiply 1'3-r/ by (2x)^. 
22. Multiply (yc)'' by (ix^. 
2j. Multiply (y:)'' by (2x)'. 
24.. Multiply (j^f by (2x)^. 
2§. Multiply (^xf by (2x)^. 
26. Multiply (—^x)' by (2x)^. 
2j. Multiply (x+y)^ by (x-\-y}'. 

28. Multiply (x~y)' by (x—yy. 

29. Multiply (x—y)' by (x-^-yy. 

JO. Multiply (x'—y), (x— yy and (x+yy- together. 

ji. Find the value of [a'""^''']"^'. 

j2. Distinguish between a*"'' and (a")' 
7. To find the quotient of two powers of the same quantity. 



and a'-i-(2^= — - !=aa^=a'. 

In each of these two cases the quotient is seen to be o with an 
exponent equal to the exponent of the dividend tninus the ex- 
ponent of the divisor. 

Again, a'-T-a'= =-, 

and a}-T-a^=— — =— . 

In each of these two cases the quotient is seen to be a fraction 
whose numerator is i and whose denominator is a with an ex- 
ponent equal to the exponent of the divisor minus the exponent 
of the dividend. 
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Now, in general, if n and r are positive whole numbers and 
n>r, 

a" aaaa . . .ton factors, 
a' aaa .... to r factors, 
and the r a's in the denominator will cancel r of the a's in the 
numerator and leave (n—r) a's in the numerator. 

•■■ «"-!-«'=-«-'. (c) 

This formula will be referred to as formula (t). 

Again, n and r still being positive whole numbers, if M<r, we 
have, as before, 

a^_aaaa ... to n Victors. 
a' aaa . . . . to r factors, 
but here the « a's in the numerator will cancel n of the a's in the 
denominator and leave (r—nj a's in the denominator, 

a'-i-a''^—;:r„, when n<.r. (d) 

This formula will be referred to as formula (d). 

8. We may also find the quotient of the same powers of dif- 
ferent quantities. 

a= aaa aaa_fal- 

and so in general, 

a' aaa . . . to n factors. 



b" bbb ... to n factors, 
j . . . to M factors each of which equals - 



9. In the case just considered we have the same power, but the 
quantities a and b may be different, but in Art. 7 we have the 
same quantities, but the powers may have been different. The 
■ student should not confuse these two cases. 
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bxamples. 

1. Divide x' by x'. 

2. Divide ;r' by JIT '. 

J. Divide (—x)* by (—xj^. 

^, Divide — x' by —x'. 

J. Divide —x' by (—x)'. 

6. Divide — ;ir' by (—x)'. 

7. Divide ( — x)' by (—x)^. 

8. Divide(-1'''^( — 1' 

9. Divide !— by -1 

10. Divide (x—yf by -^- 



12. Divide (x'—y')^ by (x—y)^. 

13. Multiply ^ by ^ and divide the product by if. 

14. Divide i* by A" and multiply the quotient by i^. 

15. Divide ^ by ^ and multiply the quotient by ^. 

16. Multiply l^hy If and divide the product by t^. 
ly. Divide b^ by A* and multiply the quotient by ^. 

18. Divide b' by ¥ and multiply the quotient by H". 

19. Multiply ^ by ^ and divide the product by I?. 

20. Divide ^ by ^ and multiply the quotient by ^. 

21. Divide i' by ^ and multiply the ^Motient by b^. 

22. Divide t' by c', the quotient by c' and so on until five 
divisions are perfonned. 

2j. Divide c* by c', the quotient by c', and so on until five 
divisions are performed. 

10. We saw that a"-s-ti'=a"~' if «>r. Now let us taker==i, 
then (m being a positive whole number) when we divide a" by <* 
we simply subtract one from the exponent. 

Now let us take some number for n, say 5, and divide a> by a, 
the quotient by a, and so on as long as we can, each time per- 
forming the division by subtracting one from the exponent. 



ifl by Google 



20 Algebra. 

We obtain the following equations : 

fl'-j-«=a', 
fl'-i-a=a'. 

If we attempt to go one step further by the same rale, viz : sub- 
tract one from the exponent, we get 

Now, a" is a symbol that has. not been used before, and indeed 
one that has no meaning according to the definition already gi^-en 
of a power of a number. But we know that «-§-«= i, and if we 
agree that this new symbol a° shall be i, a being any number 
whatever (not zero), then we may carry our process of successive 
division one step further than we could without this agreement. 

More than this, it may easilj' be seen that by giving this mean- 
ing to a° each of our formulas (a), (b). (c), (d) is slightly more 
general than it was before. Let us examine these f<»niulas sep- 
arately, 

11, First, a"a'=a"+'. 
If we here make «=o, we get 

a'-a'^a', 
and this is true if ii°=i. 

Again, if we make r=o, we get 

a"a°=a", 
and this is true if a°=i. 

12. Second, ■■■' (a')'=a". {b) 
If we here make k=o, we get 

which is true if ii°=i, since 1"=! ; and if we make r=o, we get 

and this, too, is true if any quantity affected with a zero exponent 
equals one. 

* The Btudeul vmt tiilnli that bgcL an equation as 

4°- 2", 

Involves the nbaurdlty that 4— S, bnt it does not. No one thinks thitt the equation 

V —-X Involves any absufllty, and bo U ne look upon a quantity aDcctf d irltb an eipou- 

ent teio an only anotber nay of vrltioe a quantity divided by Itwlf, there is no con- 
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(3. Third, a'-^a'^a"-'. (c) 

If we make n*^ryr& get 

and this is true if a°= i. 
Again, if we make r=o we get 

a'~T-a''=a', 
and this also is true if «"= i . 

14. Fourth, a'^a'=^^. (d) 
If we here make «=r we get 

and this is true if a°= i . 

Again, if w=o we get «"-;-«'■=-„ 
and this, too, is true if fl°= i. 

15. Now, because the assumption (i°=i leads to no incon- 
sistency it is permissible, and because it gives greater geneiality 

to our formulas it is advantageous. 

Therefore we adopt the equation a°= i as defining the meaning 
ofa°. 

16. The question naturally arises, is there any way whereby 
we may give still greater generality to our fonniilas ? 

Let us look again at our process of successive division. 
We have already obtained the equations. 



a!-j-a=a°=i. 
Now, if, by the same rule, (viz : subtract one each time from 
the exponent,) we attempt to take another step we get 
a°-!-a=a~'. 
Here, again, we have a symbol a~' that has not been used be- 
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fore, and ooe which has no meaning according to the definiticm of 
a power of a number. But a° being i, we Imow that 



and so the equation, 



would be true if a ' were equal to - . 

If we could take one step in this way we ought to be able to 
take two or three or, indeed, any number, and if we could do this 
we could get, in addition to the above, the following equations : 



As we have seen, the /irst trf these equations would be true if 

a~'=-, and from this the second would be true if a~°™— , and 

from CAwthe Ihtrd would be true if (i~'=--, etc., and the set of 

equations just written might be carried just as far as we please if 

a' 
^ being any whole number. 

I,et us examine the effect of this supposition on our formulas 
<"), (i). ('), (d). 

17. If we wish the quotient a"-i-a'we Me directed in Art, 7 
to use formula (c) if n>r, and formula (d) if n<.r. 
Suppose n<r and r-~n=q, then formula (d) gives 

But if we should try to use formula (c) in this case we would 
get 

and this would be true if 



so that, if we could use a quantity with a negative exponent, then 
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Theory of Indices. 23 

formula (c) could be used when «<r as well as when w>r, and, 
if we lite, we might retain formula (c) and entirely dispense with 
formula (d). 

Again, it may be seen, in a similar manner, that if «"*=— form- 
ula (d) could be used when w>r as well as when «<r, so that 
we might, if we like, retain formula (d) and entirely dispense 
with formula (c). 

If we find that we may use negative exponents upon the above 
interpretation, then we will for the most part dispense with form- 
ula (d), using it only now and then, if at all, when it comes a 
little handier than formula (c). 

18. Again, by the above interpretation formula (c) can be used 
when one or both of the exponents are negative. 
First, suppose r negative and equal to —q, then 



But substituting in (c), 

the same result as before, so that formula (c) may tre used when 
r is negative. 

Second, suppose n- negative and equal to — j, then 

a^ ' a' a'~ a'a' a'*'' 

But by substituting in (c), 

the same result as before if our interpretation of negative ex- 
ponents be correct, so that formula (c) may be used when n is 
negative. 

TliiW, suppose both n and ^negative and let m=— jand r=~q, 
then 

But by substituting in the formula, 

the same result as before, hence formula (c) may be used when 
both n and r are negative. 
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19. Formula (a) may be used when either or both of the ex- 
ponents are negative if the above interpretation be correct. 

First, suppose r=—g, then 

a a —a -~a -:-a ^a . 
But by substituting in the formula, 

Second, suppose n=—q, then 



But by substituting in the formula, 

so that formula (a) may be used when n is negative. 
Third, suppose n=— 5 and r=—q, then 



But by substituting in the formula, 

a'" 
so that formula (a) may be used where both n and r are 
negative. 

20. Formula (b) may be used when either « or ^ or both are 
negative. 

Firsl, suppose r negative and equal to —g, then 

But by substitution in the formula, 

so that formula (b) may be used when r is negative. 
Second, suppose « negative and equal to ~g, then 



But by substituting in the formula, 

so that formula (b) may be used when n is negative. 
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Third, suppose both exponents are negative and let n^—s and 
r=i— J, then 

But by substituting in the formula, 

so that formula (b) may be used when both exponents are neg- 
ative. 

21. Thus we see that if we interpret a~^ as being — , a being 

any number whatever (not zero), and q being any whole number, 
the exponents in all our formulas may be any whole numbers, 
positive or negative, and this makes our formulas considerably 
more general than they were before. 

Now, because the supposition a~'=— leads to no inconsistency 

it is permissible, and because it gives greater generality to our 
formulas it is advantageous. 

Therefore we adopt the equation a~'= — as defining the mean- 
ing of a~'. 

22. Since a-'-^—, and therefore -_^=a', it follows that in 

any fraction any faclor may be transferred from the numerator to 
the denominator, or liee versa, by simply changing the sign of the 
exponent. 

Hence, if in formula (c) we transfer a' from the denominator to 

the numerator, — becomes fl"a~'', which by formula (a) equals 

a""; so that formulas (a) and (c) are really identical, but, for the 
sake of convenience, both are retained. 
A— 3 
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EXAMPLES. 


/. 


Write ^^ in 


one 


line. 


2. 


Write ^f^ 


n one line. 


3- 


Write ---^f; 


-*; 


in one line. 




\ 


u' 




4- 


w-;:^ 


an 


11 the lower 



r line. 

5. Write - _^ 7- so that all exponents are preceded by 
the + sign. 

6. Write ■ , _ - with all positive exponents. 

23. Having now dispensed with formula (d) and extended 
formulas '(a), (b), (c) so that the exponents may be any wliole 
numbers, positive or negative, the question arises, can we give still 
greater generality to our formulas by using exponents which are 
fractions ? 

24. If quantities with fractional exponents have any meaning 
and if we can use them in our formulas, we must have by form- 
ula (b) 



n being here any positive whole number; i. e. a- is a quantity 
which raised to the nth power equals a. 

.: a--='i/a. 
Raise both sides of this equation to the rth power, r being a 
positive whole number, and we get 

so that, if we are permitted to use fractional exponents, u" denotes. 
the rth power of the wth root of a. 
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25. Again, by the definition of a quantity with an ex- 
ponent — 1, 

and by formula (b) 



or, taking the reciprocal of both sides, 



.26 Thus we have jw^^wAVjmj of meanings for both positive 

and negative fractional exponents, and if we introduce fractional 
exponents into our formulas with the meanings suggested, these 
formulas will be found to give consistent results, as we shall see. 

27. Before substituting in our formulas it is necessary to stop 
and show that, with the meanings suggested, a quantity with a 
iractional exponent has the same value whether the exponent is 
in its lowest terms or not, 

I^t ay"=x 

then a=x'"=(x')" 

In a similar manner it may be shown that 



28. Examination of formula (a). 

I,et— and - be any two positive fractions and — — and — — 
two negative fractions. Then there are four cases to consider. 
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Algebra, 

First, a"a'= what? 
Second, a" a »= what? 
Third, a "a'^ what? 
Fourth, a~~"a'''= what? 

a"af='a''^a'" by art. 27. 



and by direct substitution in the formula we get 



and by direct substitution in th^ formula we al^io get 

a" a *=fl' " 

TAird case. 

This is the same as the second case, only the order of the fac- 
tors is clianged, and therefore as in the second case the result will 
be the same as given by direct substitution in the formula. 

Fourth case. 



and by direct substitution in the formula we also get 

Thus we see that by using fractional exponents according to 
the suggestions before obtained, the result of multiplying two 
fractional powers of a is, in every case, in perfect accord with for- 
mula (a). 
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29. Examination of formula (b). 

As before, let - and ■- be any two positive fractions, and 

and — " any two ffegative fractions. Tben there are four 

cases to consider. 

First, («" J "= what? 

Second, \a'\ '=what? 

Third, [^" - j '= what? 

Fourth, [a "\ '=wbat? 
First case. 

Let a^^=x, (1) 

.■.a^=x'-- (2) ■■■ 

.-. U~r=x- U) 

or [a'^'\'=x'-'; (6) 

FromCi;a-T=.j-A ^jj 

.-. from (6) and (y) |a"^| ' =a"'\ 
and by direct substitution in the formula we also get 

Second case. 

and by direct substitution in the formula we also get 
TAzrd case. 
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and by direct substitution in the formula we also get 



and by direct substitution in the formula we also get 

Thus we see that by using fractional exponents according to 
the suggestion before obtained, the result of raising any frac- 
tional power of a to any other fractional power is, in every case, in 
perfect accord with formula (d). 

30. Examination of formula (c). 

r p r 

As before, let - and - be any two positive fractions and — 

« ? « 

and — any two negative fractions. Then we have four cases to 
consider. 

First, a" -^a" = what? 

Second, a" -Ha ' = what ? 

Third, a' "-§-««= what ? 

Fourth, tT •• -T-a" » = what ? 
First case. 

a''-T-a''=a"a " =a" ' 
by Art. 29, second case, and by direct substitution in the formula 
we also get 



and by direct substitution in the formula we also get 
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and by direct substitution in the formula we also get 



and by direct substitution in the formula we also get 

a " -T-a "=a " *. 
Thus we see that by using fractional exponents according to 
the suggestion before obtained, the result of dividing one frac- 
tional power of a by another fractional power of a is, in every 
case, in perfect accord with formula (c). 

31. Now, because the suppositions 

a^^i^a)' and a~ ^=-„I- . 

lead to no inconsistency they are admissible, and because they 
give greater generality to our formulas they are advantageous. 
Therefore we adopt these equations to define the meaning of quan- 
tities affected with fractional exponents. 

32. The formulas (a), (b), (c) are now so generalized by the 
above definitions that they can be used when the exponents are 
any positive or negative whole numbers or fractions, and it might 
naturally be asked, is this the greateit generality of which- they 
are capable ? 

Excluding the so-called imaginaries, there is no kind of alge- 
braic numbers not yet discussed except incommensurable num- 
bers, and the consideration of quantities affected with incommen- 
surable indices is reser\'ed for chapter XI. In the meantime, 
however, it should be remembered that the formulas are to be 
used only when the indices are commensurable. 
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33. By means of the meanings now given to negative and 
iiactional exponents it is easy to see that the formula 

a-tf'c" . . . =(abc . . . )" 
holds whether n is positive or negative, integral or fractional. 

First, let w=-, a positive fraction, and let a''=x and d'=y; 

.■. a=x' and b^y 

then a'b' =xy, 
and ab=x'y=(xj')'. 

.-. (ab)^=xy. 

.■.a'b''=.(abr. 

Multiply both sides by c and we get 

ahK-^=(abf'r=(abc)^, 
and so on, evidently, for any number of factors. 

This is quite an important formula, stated in words it is. 
The product of the rth roots of several quantities equals the rik 
toot of their product. 

Second, let n=—r, a negative quantity, either integral or frac- 
tional, then 

Similarly a~'b 'c '=(a^c) ', 

and so on, evidently, for any number of factors. 

34. The formula - - = \ -r \ also holds good whether « is posi- 
tive or negative, integral or fractional. 

First, let «=-r, a positive fraction, then - r='*'lTf = "irj 

Stated in words, this is. 

The quotient of the rth roots of two quantities equals the rth root 
of their quotient. 
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Second, let «=- —r, a negative quantity, either integral or frac- 
tional, then 

a-' b' \b\' III-' I"!"" 



EXAMPLES, 

/. Write the ■ following expressions, using fractional » 
ponents in place of the radical signs : 



y^>' y\-»" 



2. Write the following expressions, using radical signs in 
place of fractional exponents : 

J. Multiply ;ir by J 



4. Multiply X* by x ^. 



-6. Multiply 1^1 "by^. 

7. Divide (x+y)^'^ by (x+y)'^'^. 



,1. Simplify U'-i-j;''!". 

r2. Simplify j^V^'^ 1 . 

13. Simplify J x>-'^*. 

14. Find the continued product of 
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15. Multiply ^-^'-x ^""by \x^-x ^\ 

16. Simplify |^;}~ ' *" 

17; Simplify '^ ^ '\. 

,S. s-mphfy— --:,-- j: ^ - \ ^ 

\(v-yyWyY\ ' -" ' 

:>o. Simplify H^'-S ^ i'"Jl . 
(axf^ba 
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CHAPTER III. 

RADICAL QUANTITIES AND IRRATIONAL EXPRESSIONS. 

1. From the last chapter the student has learned that there are 
two methods in use for indicating the root of a quantity, one by 
the ordinary radical sign and the other by a fractional exponent. 
Of course it is entirely unnecessary to have two modes of writing 
the same thing, and in this sense either one of the two ways may 
be considered superfluous. But practically each method of nota- 
tion has an advantage in special cases, and the student will feel 
this as he proceeds. This fact that both methods are better than 
either one, accounts for the retention of both in mathematics. 

2, HiSTOBiPAL Note— Tho introduclion of the preaeot symbols into alge- 
bra wae very gradunl, and the use of a particular symbol did not generally 
become common until some time after its suggestion. The signs -^ and ~ 
were flrat used at the beginning of the Itith oeutiiry in the works of Gmmma- 
teus, Rudolf and SUIel. Recarde (born about 1500) is said to have invented 
the sign of equality about this time. Scheubet's work (1552) is the fli'st one 
contaiDing the sign t/ . and Vieta (bom lMO)fii'st used the vinculum in con- 
nection with it. Before this, root-extraction was indientijd by a symbol some- 
thing like IJ;, Stevin (born 1548) first used numbers to indicate powers of a 
quantlt}', and lie even suggested the us^ of fractional exponents, but not until 
Desoiutes (bom 1596) ilid exponents take ^he modem form of a superior figurt. 

The development of the general notion of an exponent (negative, fi-actional, 
incommensurable) first appears In a work of John Waltis (published in 1665) 
in connection with the quadrature of plane curves. 

To show the appearance of mathematical works before the Introduction of 
the common symbols, we give the following expression taken from Cardan's 
works (1545) : _ _ _ 

J^ V. cu. Ji 108 p. 10 I m li; cu. IJ. 108 m 10, 
which is an abbreviation for " Radix universalis eubiea radio is ex 108 plus 10, 
minus radice universali cubica mdicis ex lOS minus 10." Or, in modern sym- 



■ '^x^roS-t-io-'^'/ioS-io 
;0 from yieta's work (1B15). 
Et omnibus perEcubum tluetis et ex arte concinnatus, 

£ cubl quad, -i- Z soUdo 2 In E cubum, aequabltur 6 plani cubo. 
This translated reads : Multiplying both members (" all ") by E^ and unit- 
ing liki> terms. 
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3. Definitions. In the following pages, by the word Radical 
may be understood the indicated root of an expression, whether 
that root is indicated by the ordinary radical sign or by a frac- 
tional exponent. 

By the Index of a radical may be understood either the number 
written in the angle of the radical sign or the denominator of the 
fractional exponent. 

A multiplier written before a radical will sometimes be called 
the co-efficient of the radical. 

A Simple radical is the indicated root of a rational expression. 

A Complex radical is the indicated root of an irrational 
expression. 

A monomial Surd is the name applied to the indicated root Of 
a commensurable number, when that root cannot be exactly taken; 
as y/\ or X/-X,. 

If all the irrational terms in a binomial or polynomial are surds, 
it is called a binomial or polynomial surd, as the case may be. 

It sliould bo noticed here that we make a distinction between the t«rnis 
in'ational expression and surd, a distinction which is not commonly mado, 
the two terms being genorolly defined as Identical. According to the above 
definition, ^4 1^2+^^ v'^a, v's are not surds. But they are irra- 
tional by the definition of I, Art. .^. This limited meaning of the word surd is 
convenient and is growing in use. It la tound In Imth Aldie' and Ohrystal's 

Radicals are said to be Similar when they have the same index 
and the expressions under the radical signs are the same ; that is, 
two radicals are similar when they differ only in their coefficients. 
Such are 5*'' ab and m-Zab ; also ^^ ^ and \^ \. 

4, Definition. For a radical to be in its simplest form it is 
necessary (i) that no factor of the expression under the radical 
sign is a parfect power of ths required root; (z) that the expres- 
sion under the radical sign is integral ; (3) that the index of the 
radical is the smallest possible. 

It will be seen from the following pages'that eveiy simple radi- 
cal can be placed in this form without changing its value. The 
^anspositions necessary to effect the reductions depend upon cer- 
tain principles, or theorems, established in the last chapter, which 
we collect here for reference. 
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5^ The nth root of the product of several quantities is equal to the 
product of the nth roots of the several quantities. 
That is, Vabc . ~ =Va V^ "y~c . . 

or (abc . . f-=a^b^c^ . . 

6. Th: nth root of the quotient of two numbers is equal to the 
quotient of their n th roots. 

"V~b 



That is. 



J! I 



7. The nrth root of a quantity equals tkc nth root of tlie rth 
root of the quantity. 

That is, Va=Vv^, 

<"■ (ar=\(a)^\" 

8. To REMOVE A Factor from beneath the Radical 
Sign. When any factor of the quantity beneath the radical sign 
is an exact power of the indicated root, the root of that factor may 
be taken and written as a coeflScient while the other factors are 
left beneath the radical sign. Thus ■»/ 128 may be written ■»/ 64 x 2, 
which, by Art. 5, equals -/fi^Y.'/i. which equals 8*^2. As an- 
other case take **i6aj:', which equals ■3^8x'X2a.r=*^8j:'X'^2ajc 
=2 x^'zax. It is readily seen that this same process may be ap- 
plied to any similar case. 

9. Examples. Remove as many factors as possible from be- 
neath the radical signs in the following : 

2. *^8io. 



4. \-^-j2xy 

5. -^2808. 



■,Googk 



S xy 
->/ax'-\-2x^. 

X 

V i^2a'xjy". 



10. To Integralize the Expression under the Radical, 
Sign. Suppose we wish to transform the radical 
Aab' 
Sxf 
so that there shall be no fraction under the radical sign. Multi- 
ply both numerator and denominator of the fraction by a quantity 
that will render the denominator a perfect cube, thus: 

\xy >ixy' x'y \ x^y 
But, by Art, 6, 

stab'xy -^ai^j^^i 

>i'^^r~^^^--xy'^''^'-y- _ 

In general, to integralize a radical of the form ^-j, multiply 
numerator and denominator by b"~' and we obtain 

si' />■'■'' 
which, by Art. 6, equals 

■ Vi" ' 
and this is equal to 

which is in the required form. 
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II. Examples, Integralize the expressions under the radicla 
signs in the following, simplifying the result in each case by Art. 
8, if necessary: 




Vi47^N49X3 N4< 



J (a-b)"-'- 

12. To IXJWER THE Index of a Radical. It is plain that 
V25 by Art. 7=%/~^7^=v'"^ ; also that V ^= v'^/^ia v/ja; 
similarly -^ ^b'^-^ \/^^-'=-^2b; and in general, v^a''=V'Va'= 
Vfl . From this we see that the index of a radical can be lowered 
if the expression under the radical is a perfect power correspond- 
ing to some factor of the original index. 

Reduce the following to their simplest forms. 



13. 


Examples. 


See Art. 4. 


/. 


i^iix-y. 


i. 


y^v-- 


3- 


V2S6C-X' 


4- 


a 1 1000 

•^ x- ■ 


S- 


Si If 
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6. 



\9^ 



~i8xy+gy' 
7. 2^a— *— V64>+640'— 128a*. 

14. To INTRODUCE A Coefficient under the Radical 
Sign. It is sometimes convenient to have a radical in a form 
without a coefficient. The coefficient can always be introduced 
under the radical sign by the inverse of the method of Art. 8. 
Thus, 2x-^2ax=-^8x^'^ 2ax= -^ i6ax' ; similarly, aV c^VaV. 

15. Examples. Place the coefficients in the following under 
the radical sign without changing the value of the expression : 

I.. :iax'>/$ax. 

^. ^v/6. 

J, x*/a--x. 

4- SO'^SO- 

5. a'lf^x—y. 

16. Addition and Subtraction of Radicals. Similar rad- 
icals (Art, 4) can be combined by addition or subtraction ; and if 
they are dissimilar no combination can take place. Tate for ex- 
ample the expression, 



Vga'^'-t-Z^v^Vi, — 2^ ~— -(-v^io. 



J?^ 



Reducing each expression to its simplest form, it becomes 

It is now noticed that the first and third and the second and 
fourth radicals are similar to each other ; whence, grouping sim- 
ilar terms, the expression becomes 

or ■^tiA-"v'3a+iTL\^io. 
We observe here the necessity of reducing each of the radicals in 
any given expression to its simplest form, for then it can be 
told whether or not any number of the radicals are similar to 
each other and consequently whether or not they can be combined 
together. 
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17. Examples. Give the value of each of the following ex- 
pressions in as simple a form as possible : 

2-/48+3V^i47-5V'75- 
v^ 98 + ^72+ v* 242. 
*^75«'+ *^Z7^+ ^4811=^=. 
^■^40^— j'^ess^-f lo'S'sooo-c'. 

7^'\i8;ir5 _y^ ^ "*" SJir^^ 8 i_y ' 



;!! 



-_V2'i+''V^"d'. 

18. Multiplication and Division of Radicals. The pro- 
duct of several radicals of the same index may be expressed as a 
single radical by means of Art. 5. Thus 

V* 2 X V* 3 X V* 5 = v^2 X 3 X 5 = v'30 ; 

^iiX V^X ^c . . . =Va be... 
The result should always be reduced to its simplest form. If 
there are coefRcieuts they should be multiplied together for a new 
coefficient, for 

a^'x y^y c''^ z^abc^ X V_y "-/ z=abc-y xyz. 
The quotient of one radical by another of the same index may 
be expressed as a single radical by means of Art. 6. Thus 




The result should always be expressed in its simplest form. 
If we wish to multiply or divide radicals of diilerent indices we 
must firat reduce them to a common index! This can be done by 
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^2 Algebra. 

expressing the radical by means of fractional exponents and then 
reducing them to a common denominator, Thus 

-4" j" 2" (by f^„ 8)-' V^^rS"J*-2'V,o8. 

(9. Examples. Find the value of each of the foUowing ex- 
pressions : 

•y yic^ y/iam X •^(,'ax. 
>/iXv'.xv/i. 
• 1x3. 
a'-^a—x-Kx^y/a-^-x. 

ix" X $x^. 

*' 24x6^3. 

2V6-J-6^^2. 
v/i + i'i. 

A polynomial involving radicals is generally more easily multi- 
plied or divided by another such polynomial by first expressing 
the radicals by fractional exponents. As shown in Chapter II, 
the work will then be no different in principle from the case when 
the exponents are integral. But in a few of the simpler instances 
it is unnecessary to pass to fractional exponents, c. g. 
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Radicals. 43 

//. Multiply 3— ^''6 by ^''2— v'3. 
Process: 3 — ^^6 

3*^2 — 2*^3 

6*^2— 5 %^3 Result. 

Find the value of 

19- {2V5-3v'2 + '/ io)(%/i5-'/6). 

^o. {^-v/6)(356+4^3t- 

£/. (3'^45— 7^5H^iT+2v^9j)- 

20. Powers and Roots of Radicals. It has already been 
shown (Chapter II) that we can raise a quantity affected by a 
fractional exponent to any required power by multiplying the 
fractional exponent by the exponent of the required power. It 
was also shown that any root of a quantity affected with a frac- 
tional exponent could be found by dividing the fractional ex- 
ponent by the index of the required root. Hence we can find 
any power or any root of a radical if it is expressed by means of 
fractional exponents ; but of course in the simpler cases the con- 
venience of fractional exponents will not be felt. We give one or 
two illustrations and leave the student to his own method ; the 
chief requirement is that he should be able to show that his work 
is established on sound principles. 

The result should appear in its simplest form. 

21- Examples. 
/. Square j^a'. 

2. Find the fourth power of ^^^12. 



= J- 



Square 32^3. 
Square \ V^. 
Cube ax'/ax. 
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eor|;J^ 



7. Find the value o 

8. Find the value of — r— ^- 

9. Find the cube root of ^^3. 

One process: '?'5;7^=-3'«'^^^ (Art. 5)=-^! V3, (Art. 7) 

= V^X3(Art. i8)=2S^^=2v^i=K3. 
Another process; |-^3=^54' (Art. 13) 

10. Find the fourth root of ^jjr'-^gjc'y'. 

11. Take the cube root of 3v'3. 

12. Take the cube root of Vj. 

13. Find the value of M- I- 



JiiyJ-9 

^ q; 



/J. Find the value of (f-^l)' X '^ |T^', 

/(J. Simplify ' P'^-. >- 
N b-Vy 

22- Rationalizing Factors. Any multiplier which, when 
applied to an irrational polynomial, will free it from radicals is 
called a Rationalizing Factor. Thus 5— *^3 is a rationalizing 
factor for the binomial surd 5 + ^3. since (5 + ^3)(5— ^3)= 
25—3=22. Similarly the rationalizing factor for ^3—^5 is 
■*^3+^5. since {-/ 1^—'/ ^{y/ :i,-^-'/ ^=z,—^=2. 

For larger polynomials it may be that the ratfonalizing factor 

is itself composed of several factors. Take the quadratic tii- 

nomiai surd ■»^2— v'j. The rationalizing factor is 

(x/2 — x/3 + x/7)(2 — 2-/6, for 

(s/j— ■%/3+v';)(v/2— *^3— *^7)(2— 2'*/6) 

= l(/'2— ^3>-(^7)'K2-2A) 

= — (2 + 2>^6)(2 — 2V^6)=20. 
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23, Problem. To Rationalize any Binomial Quadratic 
Surd. Any binomial quadratic surd may be represented by 
a'^p+b'/q, where a and b may be either positive or negative. 
The rationalizing factor is plainly a-^p—b'^q, for 

{a-^p-^b^q){a'>/p—b>/'q)^a^p—lfq, 
which is rational. 

24, Problem. To Rationalize any Trinomial Quad- 
ratic Surd. Any trinomial quadratic surd may be represented 
by a'-/p+i'^q+c'*^r, where a, b. and c are supposed to be any 
rational quantities whatever, positive or negative or integral or 
fractional. Multiply first by a-yp-\-b\^q—c^r, and we obtain 

{a'>/p+l>>/q+c>^r)(a>/p-\-b<'q~c^l-)={a-yp+b\^'^)'—Wry- 
■ =a'p+b'q—c'r+2ab^pq. (i) 

which is rational as far as r is concerned. Now multiply this by 

(a'p+b^q—c'r)~2ab^pq (2) 

and we obtain 

{(a'p+i^q~c'r) + 2abyp^}{(a^p+b'q-c'r)-2abyp^] 

= (a'p+ fq-c'fy-ifi'b'Pq, (3) 

which is rational with respect to all the quantities. The ration- 
alizing factor for ■ the original trinomial quadratic surd is thus 
seen to be 

{a.']> + b-/q~cy/~r)ia^p-\-lfq—c'r—2ab'-/Jb). (4) 

25, The second parenthesis in (4) above will be found to be 
composed of the two factors 

(a'^p~b'^^-\-c-^'r)(a-^~by/~q~c^r) 
Hence the rationalizing factor of a-^p +^v'^ +^v'f- may be 
written 
(a^/p-\-b^q-<r^r)(ay^p~b^q+b->/r)(a^p—b'/q-<Vr) 
Observe that the terms of each of the component trinomial fac- 
tors of this expression are those of the given irrational quantity 
and the signs are those exhibited in the scheme — 
+ + - 
+ - + ■ 
+ 
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Now it is evident that, keefring the first sign unchanged, there 
is no other arrangement of signs than those written in this scheme, 
except the arrangement + + +, which is the arrangement of the 
given trinomial. Therefore 

Tke rationalising factor for any trinominal quadratic surd is the 
product of all the different trinomials which can be made from Ike 
original by keeping the first term unchanged and giving the signs 
+ and ~- to all the remaining terms in every possible order, except 
the order occurring in the given trinomial. 

As an example, find the rationalizing factor for '^5—'^7+'^3. 
The above method shows it to be 

and multiplying the original trinomial by this the rationalized re- 
sult is found to be — 40. 

The above problem is cabable of generalization, but its proof 
cannot be practically given here. The generalized statement is 
as follows: 

The rationalizing factor for any polynomial quadratic surd is 
the product of all the different polynomials which can be made from 
the original by keeping the first term unchanged and giving the 
signs + and — to all the remaining terms in every possible order 
except the order occurring in the given polynomial. 

26. Problem. To Rationalize any Binomial Surd. Abi- 

nomonial surd will either take the form a'~r-\-c~i or a~ — c~i. Now 
since these fractional exponents may be reduced to a common de- 
nominator so that the expressions become a^i-^c^ov a^—c"' these 

binominal surds may be supposed in the ioxxa..a—k-c" ora- — f". 
These, then, are the only forms necessary to consider, since all 
binomial surds are reducible thereto. 

(a) To rationalize the form a" — c". 

For convenience let <2'=-r and t"=_t';when a"~c'==x—y. 
Now multiply x~y by 

x--+x"-y+x—y-^ . . :y- d) 

and we obtain 
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ix~j')ix'-+x-y+x''-'y+ . . .y--)=x"-y. 

by substitution, I, Art. 36. But 



which is rational. Therefore (i) is the rationalizing factor for 



(b) To rationalize the form a" + c" . 

As before, let a'=x and c'=jf; whence a~ + c'=x+j'. 
Multiply x+jy by 

x"-'—x—'j,+x"-'y~ . . . ±y-. (2) 

The product is 

by I. Arts. 27, 28. But 

Both of these results are rational ; therefore (2) is the rational- 
izing factor. 

27. Examples. 

/. Rationalize of*— r^. 
With a common denomininator for the exponents this becomes 

d^—*^; whence «=6, 5=4. 1=^ ; then x=d^, y=r'^ . 
(x—y)(x^ +x*y+x''y'' -fxit^s +xj'* +y^ ) 

- [d^~r^ (rf'^+ A^+ A^+rfM + A^+r^l 
^^d*~r^ , which is rational. 
2. Rationalize 6+3 v'5. 
With a common denominator for the fractional exponents this 
becomes 6' + (3* xs)^; whence «=4, ^=4, /=i ; then x=6'^ and 

^=(3*X5)^- Therefore 

ix-\-y)(x''-x'^yk-xy^—y'') 
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= [6*+(3*X5)^] (6»-6=X3X5*+6X3*X5^-3»X5^) 

=6*-3*X5-89i. 
J. Rationalize '^2 + 2'^9. 

28. Rationalization of the Denominators of Frac- 
tions. The most common application of rationalizing factors is 
in the rationalization of the denominators of irrational fractions. 
Considerable labor is saved in computing the value of a numeri- 
cal irrational fraction if we first rationalize the denominator. 

Thus, to compute the value of — _ - -^ correct to five decimal 

■y -J—V 2 
places, three square roots must be taken and one of them must be 
divided by the difference of the other two. Now, it will be obvious 
on reflection that tliese square roots must be taken to nearly ten 
places of decimals if we are to be absolutely certain that five deci- 
mal places of the quotient are correct. It will be easily seen how 
much more readily the value can be found after the denominator 
has been rationalized. Multiplying both numerator and denomi- 
nator by the rationalizing factor for the denominator, we have 

v';— v^j {y/ -j-y/ 2){-/^-\-y/ 2) 5 

Now but two square roots need be taken, and these to no more 
than five decimal places, since the exact value of the denominator 
is known. 



29. Examples. 



1/3 + V/2 



2. Rationalize the denominator of — ,^^- — ^. 

12 1 - 1 

- — 7-\ =(2— Va)^. 
2-|-V2| 

^. Given ^3=1.7320508, find the value of —. 
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Rationali/.e the denominator of 
Rationalize the denominator of 



2V'3— v/3 



Rationalize the denominator of . 

3 + 2^2 

What relation must hold between a and a in order that 



>/ 2 — ^l + Vi; 

/o. Rationalize the denominator of --;_—;- 7-. 

>/2 + v'3+v/5 

/^i. Compute the value of the following to three places of 

decimals, having first reduced it to its simplest form : 

12. Prove .- - ,. -+ ,- - - , =2x'. 

30. Theorem, //"a, i,^, q are commensurable and >/ b and-^q 
inwm mensurable, and if a-^'v^b=p-^'</q , tkena^pand>/b^>/q. 
If a does not equals, suppose a^=p-\-d. Substitute this value 
for a in the given equation, and we have 

fi + d+Vi=p + Vq 
or d-\-*/b'='^q 

squaring both sides 

d'^ + '2d-/ b ->rh=q 

whence >/b=^ — , - 

2d 

That is, an incommensurable quantity equals a commensurable, 

which isabsurd. Therefore a cannot differ from ;*. Andifa=^, 

^b must equal ^q . 
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so 



Algebra. 



31. Examples. We append a few miscellaneous examples on 

the last two chapters. 

2, Multiply together '^a. yd\ ^r", ^^3a' and a -. 

J. Simplify \,— L X ,- 1 

■ -^ jy--i-x~^ 
/, Multiply together 
^/x"+x"j'"+y". -y^ x" —y . ^x'"~x"v"+y'" and \^x'+y-. 
J. Multiply together 
(a'+al>+i>v'«. (a~b)^, (a^b)' and (a'-^ab-^lfy 



6. Simplify , ,_■ ,' '" 

~^~a-x^^ 

^. .., x+^:if-y x- , 

7. Simphfy ■ -,— "— 2— +1 

x—'^x'—y' f 

8. Cube the expression d''/x—-^baVy/, 

g. Prove 2 + v's is the reciprocal of 2— V3 ; and find what 
must be the relation between the two terras x and v'.v so that 
^+^/J^r shall be the reciprocal of.*:— ■'^^. 

t a'x \ "* 
ii>. Simplyfy ^ | 

ir. Simphfy the expression - \ - 1 

(^^■xf-(^-x)^ 
first by rationalizing the numerator, and then by rationalizing 
the denominator. 

12. Prove that if ^=3 and $=5, 

e'-'+pg-'' +qP'^-\ -e'^f_ Sf + 5 
/.y-i<"-'+2+?;>-V-'* S+S*-' 
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CHAPTER IV. 

QUADRATIC EQUATIONS CONTAINING ONE UNKNOWN QUANTITY. 

1. Definition. An Equation of the Second Degree, or a 
Quadratic Equation, is one where the highest degree of any tcnn 
with reference to the unknown quantities is two. 

It must be remembered that the degree of an equation with 
reference to any quantity is not spoken of unless the equati<»i is 
rational and integral with reference to that quantity. See I, 
Art. 6. 

2. We will consider in this chapter quadratic equations con- 
taining but one unknown quantity, such as — 

3Jr^+5r=24, {i) 

2X'— |-r=.346, (2) 

v^3-^^-(t— ^7^=4-^5. (3) 

\m-k- -\^x'->r id- nx=p-¥ -^k. (4) 

These equations are all obviously quadratics. But some equa- 
tions, which are irrational or fractional with reference to jr in 
their present form, drop into the quadratic type as soon as the 
proper transformations are performed. Thus the equation, 

^x+ -■ - =--^+ .-..._ (_5.a) 

-/ b VX VB 

may be made integral with reference to x by multiplying through 
by -y X, the resulting form being 

{s/l, --/~aW^ ^ {^ a~>/~b )^x 

Transposing and uniting terms, 

vao 
Transposing the rational parts to the right hand side of the equa- 
tion, we obtain the form 

i& —a)^x ^ _ 
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Now rationalizing with respect to x, by squaring both sides of 
the equation, it becomes 



Finally transposing and collecting terms, we have 

which is a quadratic equation. While the equation (5, a) has 
been reduced to the quadratic form (5, d) by apparently legitimate 
processes, yet we will find that the integralization and rationaliza- 
tion of an equation with reference to the unknown quan- 
tity has in general an effect on the solution of the equation 
7tjAurA il is necessary to lake into accowit, and which renders it pos- 
sible that the values of x which satisfy (5, b) may not be identical 
with those that satisfy (5, a). For this reason the treatment of 
those equations which require the operation of integralization or 
of rationah nation before they are in the quadratic form, is reserved 
for Chapter VI. 

3. Typical Forms of the Quadratic. It is evident that 
equations (\), (2), (3), (4) and C5, d), or any other quadratic 
equations which can be imagined, may all be said to be of the 
typical form, 

ax'+6x=c. (6) 

. where a, b and c are supposed to stand for any numbers whatever, 
either integral or fractional, positive or negative, or commensur- 
able or incommensurable. Hence aa-'-f- da"=r is said to be a 
typical fonn of the quadratic equation. 

If we suppose the quadratic equation to be divided tlirough by 
the coefficient of x'' the result will be of the form 

x^JrPx=q, (7) 

where p and q are supposed to be any algebraic quantities what- 
ever, fractional or integral, positive or negative, commensurable 
or incommensurable. This is the second typical form of the 
quadratic equation, and one which is much used. 

4. Definition. A Root of an equation is any value of the un- 
known quantity which satisfies the equation. 

Thus 3 is a root of the equation 3^:— 6=0, for when substituted 
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for X it satisfies the equation. Also, both 2 and 3 are roots of the 
equation x''—^x+ 10=4, for either of these values when substitu- 
ted for X will satisfy the equation. 

The student must carefully note that this is an entirely different 
use of the word roo( from that occuring in the expressions square 
root, cube rooi, etc. 

5, Equationsof the second degree are often divided into the 
two classes of complete and incomplete quadratics. A complete 
quadratic is one which contains both the first and second powers of 
the unknown, as x'-^px^q. An incomplete quadi^tic has the 
first power of the unknown quantity lacking, and hence can al- 
ways be placed in the form x'='q, where q is any algebraic quan- 
tity conceivable. By some the adjectives affected and pure are 
used in place of the words complete and incomplete respectively. 

6. Problem. To Solve any Incomplete Quadratic. 
First, reduce to the form 

J^=q 
by putting all the known quantities on the right hand side of the 
equation and all the terms containing ^ on the left hand side, 
then dividing through by the coefficient of xf. 

Then take the square root of both sides of the equation, remem- 
bering that every quantity has two square roots, and we obtain 

and the equation is solved. 

It might be thought that in taking the square root of both sideR 
of 3^-^=q we should write 

But, by taking the signs in all possible ways, this gives 

~x= — v^y 
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Each of the first two of these is equivalent to x^ >/q , and each 
of the last two is the same as x=» — >/q , and, on the whole, we 
merely have 

Whence it is seen to be sufficient to write the sign ± on but 
one side of the equation. 

7. ExAMPi,Es OF Incomplete Quadratics. 
Solve the following equations : 

(ax~b)(ax-Vb)~c. 
(x+2r+(x-2r~3^. 

(x+ir+f^'-h'"^- 

(ax+ir+(ax~6r=c. 
(_x+y)(x-g)+(x—;Xx+^J~y6. 
(x+aXx-6j + (x~aXx+6)~r. 
(xAray^q. 

Show that examples i , 3 and 6 may be solved by proper substi- 
tution in the results to examples 2, 5 and 7 respecti\'ely. 

8. We have solved the equation x'^q, and also the equation 
('.v+a/=g (Ex. 8) in a .similar manner. Now it is evident that 
the equation 

x^+px~q 
can be solved if it can be put in either of the above forms. It can 
be placed in the form (X'^a)'=q if the first member can be made 
the square of a binomial. On inspection it is seen that xi'-^px are 
the first two terms of the square of a binomial, the third term of 
which must be ^p'. Hence, if we add ^/»" to both sides of the 
equation 

X--k-,pX=q. 

it takes the form 

-^^■px-<r\P'=q'>rkP\ 
or r.r+i//=?+i^'. 

which is of the form (x-^-af^q. 

The process of putting a quadratic equation in this form is 
called completing (he square. 
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9. Problem. To Solve the Typical Quadratic ;r'+/jr=«y. 
Add \fi' to both members and we obtain 

The left hand member is seen on inspection to be the square of 
the binomial (x+^p); whence taking the square root of both 
members, 

x+^p=±x/q+^p\ 
Solving this .simple equation for x we have 
X^~^p:t^^q + \P'. 
which gives the two values of * , 

-iP+^9+-y^ and —hp—^q+iP". 
Hence, io solve an equation in the form x'-^px-=^q, add the square 
of one-half the coefficient of x to each side of the equation. Take the 
square root of both members, and an equation of the first degree is 
obtained, from- which x can be found in the usual way. 

10. Problem. To Solve the Typical Quadratic ax'-^bx 

Multiply through by 4a and obtain 

^a'x" + 4<T ix ^ 4flc. 
Adding ^ to both members it becomes 

\a'x'-^^abX'^(f=\ac-'!-t)'. 
The left hand member is seen on inspection to be the square of a 
binomial ; whence, taking the square root of both members, we 
obtain 

2ax-Yb= ±\^4ac+ If. 
whence, solving this simple equation, 

—b±y/~cfic'^b' 
ia 
which gives the two values of .v, 

— d+\^4ar+> —b—>/'i,ac-Vb' 

2a 2a 

Hence, io solve an equation in the form a.v'-k-bx^^c, multiply 
through by four times the eoefficient of x' and' add the square of the 
coefficient of X to earh side of the equation. Then lake the square 
root of both members, and an equation of the first degree will be ob- 
tained, from which .X can be found. 
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1 1, HiSTORiCAii Note. The origin of the sohiUon of thu qiiiuiraUu equa~ 
tioD cannot be definitely traced to any one man or any one race. Algebra, an 
ne now have it, hae been a slow growth, and, as we paee bai^k in time, it grad- 
ually shades off into thp arithmotie of antiquity. Diophautus, an Alesandrlan 
Greek of the fourth ituntury, A. D., who wnte a treatise on adthmetle, could 
undoubtedly solve ijuadratte equations, altliough he devotes no tipecial book 
to their treatment. But algebra, In a nioi'e perfect form, may be traced to 
the Hindoos. Aryabhata (47!> A. D.) nau familiar with a solution of the com- 
plete quadratic, and Bramagupta (hW A. D.) gives a comparatively elaborate 
treatment of It. The solution oft.he quadntlLcwasBlsok]iowntothe.^raba,and 
a solution with geomelrii' treatment Is given by Mohammod tx-n Musa, of the 
ninth century. All the early methods ol solution consist in what Is commonly 
known as "comploting the square" and were Hubstantlally the same as those 

12. Examples ok Complete Quadratic Equatioks. If a 
quadratic equation cannot he placed in the fonii.r'+/.r=</ u-ithout 
ike introduction of fractions, it is generally advisable before solu: 
tion to clear it of fraction.s thereby putting; it in the form ax'+i.v 
=c. in which case a, b, and c will be integral. The equation can 
then be solved by the method of Art. lo, thereby avoiding frac- 
tions in the process of solution, which is a great advantage. If 
the equation takes the form yf-^-px^q without p and q being 
fractional, then a solution by the method of Art. 9 will be better. 

To illustrate the common arrangement of the work we .solve the 
following quadratic. 
Find the' values of .v in 

3.1:"— 9,v-|-5=.-° - 

The first taak In to 3 

place tbe equation In ] Clearing of fractions, 
rj'""" '"'"' I 9*--=7;r+.5-.o~..-. 

Transposing and uniting terms, 
I lar'— 27*'= — 5- 

Now "compiei* the I Multiplying through by 4 times 10, and ad- 
"'""" I ding f27)' to both sides, we obtain 

4ooA-'-~fJ,r+27'=529. 
Taking the square root of both members, 



and solving this simple equatioi 
20-i = 50 or 4 
-v=2-Jori. 
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Solve the following : 

2. x'+ 6x— 1 = 5—20.1:. 

/. is^tr-— a8:ir+io=5. 
In completing the square in a case like this where the coeffi- 
cient of .*■ is divisible by 2, fractions can be avoided without 
multiplying the equation through by 4. Thus: 

15^— 2Sjc=— 5, 
multiplying through by 15 (instead of 4X 15), and adding the 
square of one-half of 28, we obtain 

(i5)'j;=-i5X28-ir+(i4)==-5Xi5-(-(i4)- 
which is a complete square. 

5. ^+i2-^x=38|. 

6. x'+(x+i}'=^i/(x+i}. 
J. .r'-l-e.si — s.ax. 

8. xf-Vx—ax—^^o. 

10. (x—a)(x—b)=o. 

11. (ix—s)(5x~i)-^o. 

12. (ax~b)(bx-a)=o. 

13. (x-^a-b)(x-a-\-b)=o. 

14. a'~x'=(a-x)(b^c-x). 

'5- ('33 + "05/+('56+iox;==('65-f-i4x;". 

16. (l~Wl)^-^(^-^^Z)x=2. 

17. l^-j-J;^ -(-37^=0. 

18. x'->rqax=^a'—ff. 

19. (x-a)'=(x-b)(a+b). 
so. de^—(d'+e-)2-\-de=o. 

21. x'--2a(x-^b)=2bx-'a'—^. 

22. A-'+iojr-(-3o=5. 
2j. a-^b+x^a'fxf. 

24. -^ -\-ax^ ^ + bx. 

25. ax^-\-bx-'rc=x'-\-px-\-q. 
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26. x'—i'^i:(kAr-~4X—k). 

27. (x~a)(x-d)+(jr-l>)(x~c} + (x~cXx-a)=o. 
Result. x=\(a-hb-'rc)±^'^a'^-lr'-\-<:'-ab-be—ca. 

28. A^+6;r+2i>"ro. 

This becomes, in the typical form, 

-r'+6jir= — II. 
Completing the square, we obtain 

^— 6:rH-g=— 2. 
Now we cannot obtain the square root of the right-hand mem- 
ber of this equation ; for it is a negative quantify, and the square 
of no algebraic number can be negative. But, if we were to go 
through the operation of finding x as has been done in the other 
cases above, and indicate the root of —2 as if we could take it, 
we would have _ 

Thus we have had forced upon us in the solution of the quad- 
ratic equation, something which, whatever interpretation it may 
have, is evidently not an algebraic quantity in the sense in which 
the term is commonly used. Such an expresion is called an im- 
aginary, and its treatment is reserved for Part II of the pres- 
ent work. In the next chapter will be found a discussion of the 
circumstances under which such expressions occur. 
zg. 4jr'+4^+4=x'. 

13. Problems Requiring the Solution of Quadratic 
Equations. The student in his previous study has probably 
already noticed that the first task in the algebraic solution of a 
problem is always an attempt to express the language of the prob- 
lem in algebraic symbols ; that is, to cast the relations and condi- 
tions expressed by the words of the problem into an equivalent 
statement in the form of one or more algebraic equations. This 
work is called the statement of the problem, and is generally a 
difficult one for the beginner to perform. When the statement of 
a problem is complete, all that remains to be done is the solution 
of the equation or equations obtained thereby by processes already 
familiar. ' 

We wish to strongly emphasize the feet that the equation 
obtained by the translation of the words of most of the algebraic 
problems in the Ijooks is often not an exact equivalent to the condi- 
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lions and relations told in the language of the problem. In fact, 
the equation often embraces more than the problem itself. We 
will illustrate this by the following problem : 

A certain number consists of two digits whose sum is lo. If 
we reverse the digits and multiply this new number by the 
original number, the product will be 2944. Required the number. 
I,et j:=the digit in unit's place ; 
then 10— ^=the digit in ten's place, 
and lol'io— .rj=the value of the digit in ten's 
place ; 

whence lof'io— jj+jr=the value of the orig- 
inal number ; 

"on- also lojir+i'io— ;ir^=the value of the number 

with the digits reversed. 
But, by the problem, 

[lofio— ^;+-v][iojr+['io— -j.-;]=2g44. (\) 
That is, 

('100— g^y 10+9^;= 2944. 
Expanding left member, 

81.1:"— 810^— 1000= — 2944. 
-Suit; ( lull or t//BBi/ 1,(1- Transposing and uniting, 
'*'"■ 8iJ^— 8io;ir= — 1944. 

Dividing through by 81, 

x"— 10x^ — 24. (1) 

Completing square and solving, 
x-=Ar or 6. 
The number is therefore either 46 or 64. Now consider equa- 
tion (i) as a translation of the problem into algebra. As far as 
is stated by the equation (\) the unknown quantity j: may be any 
algebraic quantity conceivable, — positive or negative, integral or 
fractional, rational or irrational, or, in fact, it may possibly be 
what we have called an imaginary. As far as the equation ex- 
presses the nature of jtr, it may as likely turn out in the solution 
one kind as another of those enumerated. But, as expressed in 
the language of the problem, x must be a digit; that. is, a positive 
integral number less than ten. The equation does not express 
this fact and cannot be made to do it. The reason why the prob- 
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lem realty works out all right is that it was made to order ; that is, 
the number 2944 was especially selected so that the problem 
would " work out ". If we wish this problem stated in words so 
that it is more nearly identical with its expression in the form of 
an equation, we must throw out the word "digits" as follows: 

There are two numbers whose sum is ten. If ten times the 
first plus the second is multiplied by ten times the second plus 
the first, the product will be 2944. Find the numbers. 

This is nearly as general as the algebraic equation. It permits 
of either positive or negative, integral or fractional, commensur- 
able or incommensurable, results, and- indeed as the word num- 
ber is often used it would permit of imaginary results. This prob- 
lem can be made identical with the original by adding at its close 
some such caution as this : 

Do not obtain a fractional, a negative, nor an incommensur- 
able result, nor any result greater than 9. 

It is such conditions as these that we fail to incorporate into au 
algebraic equation, The algebraic statement, as far as the un- 
known is concerned, is always the most general possible and con- 
tains in it no restriction of the unknown to any particular class of 
numbers, and for this reason the algebraic statement of a problem is 
often more general than the problem itself. This fact should be re- 
membered, as it will help to explain many apparent difficulties 
which arise in some problems. These non-algebraic conditions in 
a problem must be ignored lintil after the solution is had, and 
then if a result is obtained like a fractional number of live sheep 
or a negative price per head, it must be cast out, not because the 
mathematics is unreliable, but because the problem is cramped 
and does not fill up the full measure of generality which algebraic 
methods provide for. 

The greatest breadth and elegance of algebraic analysis would 
be observed in the treatment of problems in geometrj-, mechanics 
and physics, but since we cannot presume any considerable famil- 
iarity with these, only problems involving the simplest geotnet- 
rical principles have been inserted. While the elegance of alge- 
braic methods is best seen in the solution and discussion of 
problems of equal generahty with their algebraic statement, yet 
those we give are not entirely of this class. 



ifl by Google* 



Quadratic Equations. 6i 

PROBLEMS. 

/. The hypothenuse of a right angled triangle is lo.and the 
excess of the perpendicular over the base is 2. Find the sides of 
the triangle. 

2. The hypothenuse of a right angled triangle is h, and the 
excess of the perpendicular over the base is e. Find the sides of 
the triangle. 

Can e in this problem be assigned any value wkatevet ? 

J. The perimeter of a rectangle is 16 feet, and its area is 15 
square feet. Find the dimensions of the rectangle, 

4. The perimeter of a rectangle is fi feet, and its area is a 
square feet. Find the dimensions of the rectangle. 

Show, fr<Hn the result, that the square is the greatest possible 
rectangle which can be made with a given perimeter. 

5. The sum of the squares of three consecutive odd numbers 
is 83. Find the numbers. 

What would yon say in case the number 56 was given in 
place of 83? 

Make the problem read so that 56 will be allowable. 

6. The sum of the squares of four consecutive even num- ' 
bers is 120. Find the numbers. 

7. If 962 men were drawn up in two squares, and it were 
found that one square had 18 more ranks than the other, what 
would be the size of each square ? 

S. A boat's crew row jj^ miles down a rivtr and back again 
in I hour and 40 minutes. Supposing the river to have a cur- 
rent of 2 miles per hour, find the rate at which the crew would 
row in still water. 

What do you say about the negative result ? 

p. A boat's crew row ti miles down a river and back again 
in / hours. Supposing the river to have a ciirrent of r miles per 
hour, find the rate of rowing in still water. 

Show from the result that the problem will always give one 
positive and one negative value- of x for all values of d, I or r. 
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lo. The total area of. two squares is a square feet. A side 
of one square is found to differ from a side of the other by d feet. 
Find the side of each square. 

Is this problem possible for all values of rf? 
• //. Two trains are dispatchedfrom a station, one starting an 
hour before the oth^r. The rate of motion of the later train is 5 
miles per hour more than that of the other, and it overtakes the 
first train at a distance of 150 miles from the station. Find the 
rate of motion of each train. 

12. Generalize the foregoing problem and solve it. Discuss 
the results. 

ij. A rectangular metal plate is 20 inches longer than wide. 
It is expanded by heat until each dimension increases by -^ of its 
former length, thereby increasing the area of the plate 346 square 
inches. Find the original dimensions of the plate. 

If. A man, bom in 1806, died at the age of .v in the year 
jif. When did he die ? 

13. Two trains pass at a junction. One is traveling south at 
the rate of 30 miles an hour and the other is traveling west at the 
rate of ,4.0 miles per hour. How long before the two trains are 
100 miles apart? 

Interpret the two results. 
16. Two trains, A and B, are traveling on roads at right 
angles to each other, each approaching the crossing. A is 10 
miles from the crossing and traveling unifonnly 30 miles an 
hour, while at the same instant B is 20 miles irom the crossing 
and traveling uniformly 40 miles an hour. When will they be 5 
miles apart ? 

Explain the two results. 
ly. Two trains, A and i'.lare traveling on roads at right 
angles to each other. A is [40 miles from the crossing and 
is moving towards it at the uniform rate of 30 miles an hour. 
B is 20 miles from the crossing and is moving from it at the uni- 
form rate of 25 miles an hour. At what times are the trains 90 
miles apart ? 

Interpret the results. 
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18. Along the sides of a right angle two bodies, A and B, 
move with uniform velocity. A is a miles from the vertex and 
moving / miles per hour, while at the same instant 5 is 6 miles 
from the vertex and moving q miles per hour. At what times are . 
the two bodies d miles apart ? 

Show that the result obtained can be used as a formula to 
solve Prob. 16. 

Show that by giving the proper interpretation to q, as to its 
positive or negative character, that the formula can be made to 
solve either Prob. 16 or 17 at will. 

Under what conditions will the bodies riever be d miles apart ? 

19. Two circles, A and B, move with their centers always 
on the sides of a right angle. A, whose radius is R feet, is a 
feet from the vertex and moving uniformly p feet per second, B, 
whose radius is rfeet, is b feet from the vertex and moving uni- 
formly q feet per second. At what times are the circles tangent 
to each other? 

Result : Tangent externally in 



ap^bq^'/(R-Vrf(p--\-q')-^(ap-^bq)' 

Tangent internally in 

ap + l ,q±^(R-if(y+<i')-^(~ap+ bqj 



seconds. 



., , J -- - seconds. 

Show that it is possible for them to be tangent externally and 
not tangent internally. 

Show that it is impossible for the circles to be tangent inters 
nally without first being tangent externally. 

Show that the known quantities may have such values that 
the two circles will never be tangent at all. 

2o. Find the side of an equilateral triangle, knowing that a 
side exceeds the altitude by d feet. 
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CHAPTER V. 

THEORY OF QUADRATIC EQUATIONS AND QUADRATIC FUNCTIONS. 

I. It follows immediately from the definition (I Art. 4) that 
every rational integral quadradic function of .v is of the form 

/x'+nx+r 
where f, n and r stand for any algebraic numbers whatever, posi- 
tive or negative, integral or fractional, commensurable or 
incommensurable . 

If we take the typical quadratic equation 
ax'-^bx=c 
and transpose the c to the left-band side of the equation it becomes 

ax' + bx—c'^o. 
This can obviously be said to be of the form 

lx'+nx+r=o 
and consequently a quadratic equation may be defined as an equa- 
tion which can be placed in the form of a rational integral quad- 
ratic function equal to zero. 

Since a root of an equation has been defined as any expression 
which substituted for the unknown will satisfy the equation, there- 
fore it is evident from the form 

axf+bx — c^o 
that a root of a quadratic equation may also be stated to be an 
expression which substituted for j: causes aX'-\-bx~c to equal 
nero ; that is, causes the function* oi x to vanish. 

Hence we may say: A quadratic equation is any equation which 
can be put in ike form of a rational integral quadratic function equal 
to zero, and a root of it is any expressiou which, iubstiluted for x, 
causes thefunclion of x to vanish. 

Thus the equation x!'—'^x= 10, whose roots are 5 and —2, when 
placed in the form of a function of x equal to zero, becomes 

^— 3^— io=o- 
It is now seen that the roots are such quantities that, when sub- 

*Qecause of tbe array ot adjecttvea \\\ tbe expression ' rational Integral (|iiAdrat1f 
Iiinctlouot i"\re shall otCsii, [or tbe r«niHiiider ul tb Is chapter, use tbe ex [irpssluii "tuni* 
tfoiiofi'Miiits place. 
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stituted for x, cause the function of x to vanish. For the func- 
tion of ;i: is 

X' — ^X—lO 

and putting 5 for -f it becomes 

25—15—10 
which is zero. Putting — 2 for ;ir the function of x becomes 

4+6—10 
which is also zero. 

If anything else than a root is put for x the function will not 
vanish ; thus when 

j>r= —4, function of X becomes 16+12—10= 18 
:jr=-3, " " " 9+ 9-10= 8 

\x= — 2, " " " 4+ 6— io=» o] 

1+ 3-10^ 6 

0+ o-io=-io 

i_ 3-,o=-iz 

" 4— 6— io= — 12 

" 9— 9—10= — 10 

16—12—10=— 6 

25-15-10= o] 

36—18—10= 8 

2. If we suppose the quadratic function divided through by 
the coefficient of x' it may be represented by 
jx^+ex+f. 
If we take the quadratic x'-l-px=q, and transpose the q to the 
other side of the equation, we obtain 

x'+px—q=o 
where the left member is seen to be of the form x'+ex-i-/. Then, 
since every quadratic may be put in the form X'+J>x=q, it may 
also be placed in the form 

x'+fix—^=o 
or better x'+ex +/= o. 

In either of the quadratic functions 
ix'+nx+r 
or x-+ex+/ 

the term which does not contain x, that is r or y^ is called the ad- 
solute term. 
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3. By soh-ing the equation 

it will be found that its roots are 

4. Theorem. Every quadratic function of x can be resolved 
into the product of two linear functions of x. 

Take the function of x in the form 
x-^-ex+f. 
add and subtract \^ from the function, thus not altering its value. 
We obtain then 

This may be written 

(x+^^r-(y^-f). 

or, if we please, as the difference of two squares, 

{x-^yf~{s/y'-f)\ 

Writing this as the product of the sum and difference, it takes 
the form 

\{x^\e)~^f\e-f\\{x^\e)-^^J\^\ 
or U+i^-VV'-ZXA'+i^+W-/). 

which is the product of two linear functions of x, 

5. Examples. Resolve the following quadratic functions into 
the product of two linear functions of x : 

x'-~x-^2\o. 

x^—bbxA-i^b', 
^a^x' — 4a.t"+ I. 
-c'-i4.r+33. 

6. Theoreji. // the roots of a quadratic equation are a and b, 
then the equation may always be put in the form (x--a)(x~b)=o. 

By Art. 4, the equation 

x'+ex+f=o (r) 

may always be placed in the form 

(x+y+^/{e■-f)(x+^-^/^?::^)=o. (2) 
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If we represent the two roots of (i) by a and b for the sake of 
brevity, we see from Art. 3, that 

<i;=-i^+VK^a"d b==-\e-s/\e-f. 
Substituting these in equation (2), it becomes 
(x~a)(x-b)=o. 

7. COROi,i.ARY. If all the terms of a quadratic be transposed to 
one side, that member is exactly divisible by x minus a root. 

8. COROl,i.ARY. The form (x—a){x—b)-=o may be used inter- 
changeably ■with x'-\-ex-\-f^=o to represent any quadratic equation. 

9. Theorem. Every quadratic equation with one unknown 
quantity has two roots and only two. 

It has been shown that every quadratic equation can be placed 
in the form 

(x-a)(x-bj-o. 

This equation is satisfied when the left member is zero. But 
the left member becomes zero when either one of its two factors 
is zero ; that is, when x=a or x=b. Because each of these two 
values of jr satisfies the equation it has two roots. But the equa- 
tion can have no other root ; for if any other value than a or i be 
assigned to x, neither of the factors will be zero, and consequently 
their product will not be zero. Hence there can be no more than 
two roots. 

It is not claimed that there must be two different roots. In 
fact, there is nothing in any of the reasoning thus far which shows 
that a and b must always have different values. In general, they 
are different from each other, but a special case would be where 
they are alike. In this case the quadratic takes the form 

(x-a)(x-a)=o. 
and we still speak of two roots because there are two factors and 
because it is merely a special case of the general truth. To say 
that an equation has two roots equal to each other is merely an- 
other way of saying that there is but one value which satisfies the 
equation. 
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lO. Theorem. IVAen a quadratic equation is in- the form 
3f-\-ex+/=o, the coeffiiient of x with iis sign changed equals the 
sum of the two roots, and the absolute term equals Ike product of the 
■two roots. 

The two roots of the equation 

x'+ex+f^o 
are ■ -i«+VK-/ 

and — ^— V^— / 

- e-\- o' 
Adding them, their sum is seen to be ~e, or the coefBdent of jt 
with its sign changed. 

Multiplying the two roots together, recx^nizing the product of 
a sum and difference,' we obtain 

which is the absolute term of the equation. 

Another Method, 

(a). First, suppose the two roots not equal to each other. 
Call, for abbreviation, the two roots of the equation x'+ex-\-f^=o 
a and b. Then, by the definition of a root, we have 

a'+ea+f^o (i) 

and If+eb+f^o. (2) 

Subtracting (2) from (i) we obtain 

a'-b'-\-e(a-b)=^o. (;!,) 

or, dividing through by a—b, 

a-\.b+e~o, 
or e=-(a + b). (4.) 

That is, the coefficient of x is the sura of the roots with opposite 
signs. 

Now substitute this value of e in equation (i). It becomes 

a'-a(a+b)+f=o. (f,) 

or -ab+f=o, (6) 

whence f-^ab. (-j) 

That is, the absolute teiin is equal to the product of the two 
roots. 

(b). If the two roots equal each other, that is, if each is equal 
to a, the fbnii (x—a)(x—b)^o becomes (x—a)(x~'a)=o, or 
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jc"— aox+a'—o, where it is seen that— 211 is the sum of two roots 
with the opposite sign, and a' equals their product. 

II. Examples. We can now form a quadratic equation which,' 
shall have any two roots we desire. Suppose we wish a quadratic 
whose roots shall be 3 and 5. Then c= — f'j + sJss— 8, and 
yi=3 X 5= 15. Then the equation is 

^--8^+15=0: 
Form the equation whose roots shall be 3 and —5. 
—3 and 5. 
—3 and —5. 

a and — . 

2 + *^3and2— v'3 

V? and — Vy- 

—5 and o. 

6 and 6. 

o and o; 



12. The student should not understand that there is only one 
method of solving the quadratic equation. The fact is that the 
result may be reached in a great variety of ways, that of IV, Art. 
9, merely being one among a great number. But many of the 
diflFerent methods that have been proposed are, in the last analysis, 
essentially the same, and they all resolve themselves into the one 
principle of reducing the quadratic to some form of a simple equa- 
tion. We give a few methods of solution to show the student 
what a variety of means may be made use of in such work. 

(a). By reduction to an incomplete quadratic. 

Suppose x^y—\e, where _>> is a new unknown quantity ; then 
the equation becomes 

(y-\ey^e(y-\e)-Vf=o. 
or f^ey-\-\e-Vey-\e-\-f=o, 

or y_^+/=o. 
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This is an equation of the first degree in teniis of y. Solving 
we obtain 

whence y=±s/\e'—f, 

and since x^y—\e, 

X \e±^/Y-S- 

Solve in this manner the equation x"— 5;^— 14=0. 
(b). By considering the quadratic as the prodvci of two linear 
factors. 

Suppose the function of jc to be the product of two factors of 
the fonn (x-\-\e-^u)(x+\e-~u), where « is a new unknown 
quantity. Then we have the equation 

:d'+ex-Vf^(x-V\e-irH)(x-^\e-u). 
Expanding the right member of the equation we obtain 

^+ex-^f= X' + ex+y-u\ 
Therefore u'=\e'~f, 

whence u=±s/^^ 

Now as the product of the two factors (x+\e+u}(x+\e—u) 
must equal zero we must take x either —^—u or — |e+». Take 
the former, and 

x=—y—u=—y=py/\e'—f. 
. Solve by this method the equation ^—6^=16. 
(c). By the sum and product of the roots. 

Suppose the two roots of x'+ex+f=o to be_>' and 2. Then we 
know by Art. 10, 

y+Z e (i) 

and . ys=f, (2) 

squaring f ij we obtain 

y'+2ys+2'=e'. (^J 

Subtracting four times (2) from this 

y — 2yz +s'=e'~4.f, 
or, extracting the root, y~z-=±.\f e'—^f, 
and since y-^z=^e, 

-^ 2 

_^— g^ V^— 4/ 

2 

Solve in this manner the equation 3Jr'— 5A'+ 2=0. 

L,-,;e,., Google 
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13. Discrimination OF THE Roots of the Quadratic Equa- 
tion. The roots of the equation 

are ^=— j€+ Vi^— /and X'^—^—t/^e'-—/. 

(a). If -fe"—/ is positive there are two real and unequal roots. 

(^): If ^rf"— /is negative there are two imaginary roots. 

(c). If ie"—/ is zero the two values of x each reduce to — ^ 
and the two values qf x are real and equal. 

(d). If y—/ is a perfect square the two roots are rational, if 
e is rational. 

(e). If y—/is not a perfect square the roots are irrational. 

The expression \e'—/ is called the Discriminant. 

The case where J^— / is zero deserves further attention. If 
l^—/=o then ie'=/ and the equation ^"'+fx4-/=o becomes 

x' + ex+\e'=o 
or (x+^eJ(x+ieJ=o. 

Whence we see that when a quadratic equation has two equal roots 
the function of ;v is a complete square. 

14. To Find the Conditions that a Quadratic Equation 
may have two Positive Roots. Represent the roots by a and 6. 

Then since —(a + dj=e 

if the roots are both positive the coefficient of ^ must be negative. 
Also since al>=/ 

if the roots are both positive the absolute term must be positive. 

Hence the full condition that both the roots of a quadratic be posi- 
tive is that the coefficient of x be negative and the absolute term 
Positive. 

15. To Find the Condition that a Quadratic Equation 
may haveTwo Negative Roots. Represent the roots as before. 

Then since —(a-\-b)=e 

if both roots are negative the coefficient of x must be positive. 
And since ab=f 

if both roots are negative, the absolute term must be positive. 

Hence the full condition that both the roots of a quadratic be neg- 
ative is that the coefficient of x be positive and the absolute term neg- 
ative. 
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16. To Find the Condition that a Quadkatic Equation 

MAY HAVE ONE POSITIVE AND ONE NEGATIVE RoOT. 

Since ai=/ 

if the roots are of opposite signs the absolute term must be negative. 

Since —(a + b)=e 

if the positive root is numerically the greater, e is negative and in 
case the negative root is numerically the greater, e will be positive. 

The condition that a quadratic have roots of opposite signs is merely 
that the absolue term be negative, but if the coefScient of x is nega- 
tive the positive root is numerically the greater and if the coeffi- 
cient of X is positive the negative root is numerically the greater. 

17. Examples. Discriminate the roots of the following equa- 
tions; that is, tell by inspection whether the roots are real or im- 
aginary, and if real, tell whether they are positive or negative. 

1. x'-I-Sj:— 9=o. 

2. X'-|-70X-|-IZ00=0. 

J. ;e"—4jc -1-4=0. 

/. jt:^-|-iar-|-45=o. 

5. JC"— 8x-f-20=o. 

6. :^=iox-2s. 

?■ .r=-I2X=-27. 

8. -fX° — ^-f=ff- 

18. In a manner similar to that of Arts. 14 — 16 the student 
may determine the following : 

/. Find the condition that a quadratic equation may have 
two roots numerically equal but of opposite signs. 

3. Find the condition that a quadratic equation may have 
two roots which are reciprocals of each other. 

3. Find the condition that a quadratic equation may have 
one root equal to zero. 

19. Miscellaneous Kxercises in the Theory of Quad- 
ratics. 

I. If a and b are the roots of x'+ex-\-f=o, find the value 
oi a'+t^ in terms of e and /. 
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whence a'-\-2ab-^lf'^e 

and 2ab~2f. 

Therefore ~fl'+^=?^^7 

z. Find the value of - + - in terms of c and /, 

a^'i,^ ab^~f 

3. Prove (a~ir~e'-4f. 

4. Find the value of r+ "in tennsof ^andyi 

5. Giventheequation^+if;ir+/—o, form the equation whose 
roots are the squares of the roots of this equation. 

if the roots of this equation be called a and b, the roots of the 
required equation will be a' and **. The coefficient of x must 
then be a'+^ 

or, by Ex. i, e'—2f. 

The absolute term must be a'f 
or /". 

Hence the required equation must be 

Af + (€'~2f)x-\'r~0., 

6. Form an equation whose roots shall be the reciprocals of 
the roots of x'-\-ex-^f=o. 

7. Prove that the equation X'—kx—d''=o cannot have im- 
aginary roots. 

8. Find the value of m such that the roots oi x'+ex-\-m=^o 
will differ by 2. 
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CHAPTER VI. 
SINGLE EQUATIONS. 
I. Every equation containing one unknown quantity can be 
put in the form 

Function of x^o 

by transposing all the terms to the left side of the equation. 

If it is an equation of the first degree it will always reduce to 
the form 

where a must stand for any quantity whatever, positive or nega- 
tive, integral or fractional, commensurable or incommensurable. 
It is evident that this equation has the root a and no other. An 
equation of the first degree might be defined as an equation which 
can be placed in the form of a rational integral linear function of 
X equal to zero. 

We have seen that every quadratic equation can be placed iu 
the form 

{x~a)(x~b)=o, 
which has the two roots a and b and no others. Thus every 
quadratic equation can be placed in the form of the product of 
two rational integral linear functions of x equal to zero. 

It will be proved in Part II that every cubic equation can be 
put in the form 

(■,-a)(x~b)(x~c)=o. 
and that it has three roots, a, b, and c, and no others. That is, 
every cubic equation can be placed in the form of the product oi 
three rational integral linear functions oi x equal to zero. 

It will also be shown that an equation of the fourth degree can 
be throwr. in the form 

(x-aj(x~b)(x-c)(x-d)=o. 

These and other important properties of equations containing 
oue unknown quantity were first discovered by Vieta (1540 — 
1603), but were independently and more elaborately treated by 
Harriot (1560 — 1621). 
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2. We are led to inquire what operations can be performed 
upon the members of an equation without modifying the values of 
the unknown. Now, by the principles of algebra, an equation 
remains Inie if we unite the same quantity to both sides by 
addition or subtraction; or if we multiply or divide both mem- 
bers by the same quantity ; or if like powers or roots of both 
members be taken. But, as hinted in IV, Art. 2, these operations 
may affect the I'ahtc of Ike unknown. Thus the roots of the 
equation 

are —I and 5. Either of these when substituted for j- will satisfy 
the equation. But divide the equation through by ,1 — 5. The 
resulting equation is 

3=.v+J7+5- (z) 

Now this equation is not satisfied for ^=5. The sole root is 
— I. Hence, although equation (;} must be true if (i) is, yet the 
equations are not equivalent, since their solutions are not iden- 
tical. One root has disappeared in the transformation. Just how 
this occuis will be best seen after we place Ci) in the form 
(x~a)(x-—b)=o. Since the roots of (1) are — r and 5, by the 
principle of V, Art. 6 it is equivalent to 

(x~5)(x+i)==o, (3) 

Now, if we divide this through by a — 5, we remove that factor 
in the left member which is zero for x=^. Consequently the 
equation will be no longer satisfied for ^=5. If we should divide 
through by .v+i the equation will be no longer satisfied for 

Also consider the equation 

.t--6-v+8=o. (4) 

It is satisfied for x=2 or .t-=4. Now multiplying Iwth members 
by -t-f-3 we obtain 

(x+5)(^--6x+S)=o. (5) 

But this equation is satisfied for either jr= — 3, or .v-=2, or x=^. 
Hence, although multiplying both member* of (4) by.y+3 has 
not altered the equality, yet a value of r extraneous to the orig- 
inal equation has been introduced. 
Again the equation 

2-t— i=.v-f-5 (6> 
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is satisfied only by the value -v=6. Now square both sides of the 
equation, obtaining 

4-f— 4^+i=x'+iOA-+25, (7) 

which is satisfied for either x=6 or x= —^. Here, obviously, an 
extraneous solution has been introduced by the operation of 
squaring both members. 

In a like manner notice the effect of taking a root of both 
members of an equation. Thus suppose 

^=(x~6J\ (8) 

This is satisfied for either x=2 or —6. Take the square root of 
each member and we obtain 

2jr=.jr— 6, (9) 

which is satisfied only by x=— 6. We have lost one of the solu- 
tions of the equation during this transformation, Equation (S) 
is really not equivalent to (g), but to the two equations 
(2x- + (x-6)l . 

(2;r (x-6)i ^"'> 

We have given examples enough to show that certain opera- 
tions upon an equation may modify the solution. Thus we see 
that during a series of transformations which sometimes an equa- 
tion must undergo before we can reach the values of the unknown 
it is possible that the solutions that satisfy the original equation 
may all be lost and that any number of new ones may be intro- 
duced, so that the final results may have no relation at all to the 
problem in hand. It is now proposed to formulate certain propo- 
sitions which will enable us to tell the exact place in the process 
of any solution where roots may be lost or new ones may enter. 
We will then be able to perform the different operations on the 
members of an equation if we will note at the time their effect on 
the solution and finally make allowance for it in the result. This 
fact must be emphasized; the lest for any solution of an equation 
is that it satisfy the original equation. " No matter how elaborate 
or ingenious the process by which the solution has been obtained, 
if it do not stand this test it is no solution ; and, on the other 
hand, no matter how simply obtained, provided it do stand this 
test, it is a solution." — Chrystat. 

When one equation is derived from another by an operation 
which has no effect one way or another on the solution, it may be 
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spoken of as a legitimate transfomiation or derivation ; when the 
operation does have an effect upon the final result, it may be 
called a questiottabk derivation, meaning thereby that the 
operation requires examination. 

If there are two equations such that any solution of the first is 
a solution of ihe second, and also that any solution of the second 
is a solution of the fi:-st, the two equations are said to be 
equiralejit. 

3. Theorem. The transformalion of an equation by the addiiion 
or subtraction front both members of either a known quantity or a 

function of the unknoiim is a legitimate derivation. 

An equation containing one unknown quantity, as it commonly 
appears with quantities on each side of the equation, may be 
generalized in thought by the expression 

A function of x-=: Another function of x. 
Or, using L to represent the left-hand side of the equation, what- 
ever it may be, and K to represent the expression on the right- 
hand side, we can represent any equation very conveniently by 

I.=R. (I) 

Now suppose that T, which may be either a known quantity or a 
Unction or the unknown, be added to both members of the equa- 
tion, making 

L+7=R+r. (2) 

Now it is plain that (aj cannot be satisfied unless L=R and that 
it is satisfied if L=R. Hence (2) means no more nor less than 
(i)- Therefore the derivation is legitimate. 

4. Corollary. Transposition of terms from one member to 
the other, changing the signs at the same time, is legitimate. Thus 
\i L=R, to pass to /.--R=o is merely subtracting R from both 
members. 

5. Theorem. Multiplying both members of an equation by the 
same expression is legitimate if Ihe expression is a known quantity, 
but questionable if the expression is a function of the unknown. 
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Represent the equation bv 

/-=A'. (,) 

Multiply both members by 7" obtaining 

l.T=RT. (2) 

Now this may be written as 

(I.~R)T^o. (3) 

If 7" is a known quantity this can only l)e satisfied by the sup- 
position that l-^^R, that is, the equation is equivalent to (ij. 
But if 7" is a function of the unknown (for example, ix or x+5, 
or A-'+S) then (3) may be satisfied by any value of the unknown 
that will make 7'=o (such as a-™o, or -t"™5, or :r= — 2, respect- 
ively, in the three examples given), whence (3) would not be 
equivalent to (i) but to the two equations. 
I L^R \ 
\ T=o. 1 

6. CoROLLAKY. 1/ any equation involves fractions with only 
known quantities in the denominators, it is legitimate to clear of 

fractions. The multiplier in this case is a known quantity. 

7. Theorem. If an etiuation invoh-es irredueible fractions ivith 
unknown quantities in the denominators, and the denominators are 
all prime to each other, it is legitimate to integralize by multiplying 
through by the least common multiple of the denominators. 

To illustrate the reasoning take the equation 

where the fractions are supposed to be in their lowest terms and 
X ,, A\, A'j represent different functions of the unknown and 
where A, B and C are either known quantities or functions of 
the unknown. Multiplying by the least common multiple of the 
denominators we obtain 

AXJ<^-\-BX;<^-\'CXJ<^'=o. (2) 

Now, since X^ , X^ and X^ are prime to each other no common 
factor has been introduced by multiplying by X ^X^X^, and con- 
sequently no additional solutions can appear. 
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8. As an example under the above theorem take the equation 
7-* 4*-5_,, ^,^ 

II — 2J- 3-r— I 
These fractions are in their lowest temis and their denominators 
are prime to each other. The least common multiple of the de- 
nominators is I'll — 2.i"X,V~0- Multiplying through by this 
we obtain 

(3X~i)(7—x) + (ji~2-'i)(4X—s)=2(ii~2xJ(3X—i). (2) 
Now we can see that although ( i ) has been multiplied through 
both by (ii~2xj and (^x—i), yet neither of these has been in- 
troduced as a factor through the equation. Hence there is no ad- 
ditional solution introduced. The roots of (2) will in fact be 
found to be 4 or — 10, which values also satisfy (i). 

But an extraneous solution may be introduced if the denomin- 
ators are not prime to each other, or if some of the fractions are 
not in their lowest terms. Thus 

has two denominators alike, and consequently not prime to each 
other. Multiplying through by the common denominator .1° — 9, 
we obtain 

or, reducing, .1'— 2.1=4 (5) 

whose roots are 3 and —1. Now if we put the original equation 
(t,) in the form 



'V-,1 A-l-3 

that is ^=.-+3 ^^•' 

it is seen that it is satisfied only for -i = — i . Hence a solution 
was introduced in clearing (t,) of fractions. It is easy to see that 
(^} is really equivalent to (6) and hence that in clearing (^,) of 
fractions by multiplying by f—q we multiplied by x—^ when it 
was not necessan' ; this is where the solution .v=3 was introduced. 

9, Theorem. Every equation can be' intcf^ralised legitimately. 

For if the several fractions in the equation are not in their low- 

e.st terms they can be so reduced. Then these fractions can all 
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be transposed to one side of the equation, their common de- 
nominator found and then added together. This will now give 
but one fraction in the equation, and, when this is reduced to its 
lowest terms, we will have an equation of the form 

N 
which, since-^ is in its lowest terms by supposition, will take on 

no additional solutions when multiplied through by D, according 

to Art. 7. 

10- Theorem. The raising of both members of an equation to 

the same power is equivalent to multiplying; through by a functiofi 
of the unknown and hence is a questionable derivation. 
Take the equation 

L^R (I) 

and raise both members to the nth power, obtaining 

/,"=.A'". (2 

Now I'l^ is equivalent to 

L-A'=o 
and (2) is equivalent to 

But (n) can be derived from (^) by multiplying both members by 
L'-'-i-L"-'R+L'-'/?+. . . + L'R~--'+LR"'^-\-R"- 

whence (2) is equivalent to the tjfo equations 

1 L=R ) 

{ L-'+L'-R+/.''-'R'+. . .+L'R-'+LR-'+R~-=o. ) 

II. Theorem. Dividing both members of an eguation by the 
same expression is legitimate if the expression is a known quantity, 
but questiouable if it is a function of the unknown,\ 

Suppose both members of the equation to be divisible by T'and 
write the equation 

LT=RT. i\) 

Now if 7" is a known quantity, then by Art. 5 this equation is 
equivalent to 

L^R (2) 

whence division by T would be legitimate. But if 7" is a func- 
tion of the unknown quantity, then f"!^ is equivalent to. the two 
equations ( L=R 

\T=o. 
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Division by T would give us but one of these and consequently 
solutions would be lost. Hence the division by a function of the 
unknown is a questionable derivation. 

12. Theorem. The extraction of the same root of both members 
of an equation is eguiialent to dividing by a function of theunknmim 
and hence is a questionable derivation . 

For we can pass from 

to L=/^ (-2) 

by dividing both members of (i) bv 

L"-+L-'A'+L"-'/?'+ . . . +/,'j¥"-^+/.ye-"+^— . 
Hence, by Art. 1 1, root extraction is a questionable derivation. 

13. Examples of the Integralizing of Equations. In the 
following equations the student should note the precise effect of all 
questionable operations at the time they are perfonned. 

Solve ^(x-5Xx-3Xx-2)=(x-5X^+3)(x+2}. 
jr+ 2 x—2 5 



Solve — I--™ . 

XX X 

_ , x' X J 

Solve i-+'+'_"3. 
x—i X 6 

X'—X—e X+2 

14. Examples OF THE Rationalizationof Equations. The 
niost expeditious method for rationalizing any given equation de- 
pends upon the peculiar make up of the equation, and caw only 
be determined by the student after a little experience with thia 
class of equations. 
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I- Given Vg + '*^+-*'='i- (\) 

Transpose everything but the radical to the right-hand side of the 
equation and we obtain 

s/'^-^x=\\-x. (2) 

Squaring tioth sides gives 

9-(-.l = I2I — 22-V+^ ("3; 

and solving this quadratic we find 

r=7 or 16. 
From (x) to (^) is a questionable derivation ; for squaring both 
members of an equation. f.=R, we have found ('Art. \o) to be 
equivalent to multiplying through by L+R, and that the result- 
ing equation is equivalent to the two equations 
U.=R ) 
\L + R=o.\ 
Therefore (t,) is equivalent to the two equation 

I ^^+x=^M-x\ _ 

i \/9-|-jr+ii— x=o -I '*'' 

or to 

Hence, if we understand equation (\) to read 

Thr positive square root of f'9+^J+;f=i \ 
then a new solution has been introduced between (i) and ("3^. 
But if we understand equation (ij to read 

.'I S'juare root of {'9 + j:J + ;i:=i i 
then it is equivalent to both the equations in ("5^, and no solution 
has been introduced. This is because the introduced equation, 
±/,+^=o is identical with the original equation ±7,=/^. 

In these cases the student will always find that rationalization 
may or may not be considered as a questionable derivation aaotding 
as we consider' the radicals fo call for a particular roof or aw root 
■of the expressions involved. 

It is more in accordance with the generalizing spirit of algebra 
to consider the radical sign, wherever it occurs, as calling for any 
of the possible roots. This will be better appreciated by the stu- 
dent when he learns in Part II that every expjession has three 
different cube roots, four fourth roots, five fifth roots, etc. 
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2. Solve V-*^+V'^ + 6=3. (\) 

Squaring each side of the equation, obtain 

Transposing all but the radical to the right-hand side this 
becomes 

2V'A"+6-r=3-2jr. (j,) 

Squaring, we obtain 

4.T=+24^=9— i2j:+4Jr^ (i,) 

or x=\. 

What are the questionable steps ? What is their effect ? 
The above solution is really equivalent to the following : 
V'.*'+ Vj^ + 6=3. 
Transpose the 3 to left member, obtaining 

V^+V^+ 6—3=0; 

Multiplying through by the rationalif.ing factor of left member, 
(III, Art. 26) we obtain 

(V^+\'^~+6-3KV-^+V-T + 6+3) 

x(V^-Vi"+6-3)(Vi-VA- + 6+3)=o, 
which reduces to 

4jr-i=o, ^ (5) 

or .r= (. 

The introduce* equations are 

v'-r+ v'.*" + 6+3— o 

Vx-V^ + 6+3=o. 

Here, then, is an apparent paradox : three solutions seem to 
have been introduced, yet there is only one in all ! 

This can be explained in tfie following manner. If we regard 
the radical signs as calling for any one of the two roots of the ex- 
pression underneath, then the introduced equations are all iden- 
tical with the original equation ana hence could not give rise to 
a different solution. If we restrict ourselves to using that square 
root in each case which has the sign given before the radical, 
then none of the introduced equations have any solution whatever. 
and hence no solution is introduced in this case. 

V^+V-^ + A- 
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Sometimes such equations are best simplified by first rationaliz- 
ing either the numerator or denominator of the fraction. Ration- 
alizing the denominator Of this fraction, the equation becomes 
2x+a + 2'i/ax+x' 
x~a—x 
or 2^ax+x'=^~(ax+2x-i-a), 

whence ^ax+^x'='(ax+2x+a)', 

etc. 
Solve .*■+ V->^ + 3=4*— I. 

Solve V 14 — ^+ V I I — -*■= -■— r^r^rr^- 

^ 1/11— X 

Solve \/4A + 9— V-*"— i = V'-f+ 6- 

Solve '\/x~g+'i/x + i2='Vx — 4^+Vx+i^. 

Solve VF+a"— V^—*. 

c . 20*: , - - - i8 

bolve — _____ — V lo^ — 9"^"; -hg. 

Viaf — 9 vioa: — 9 

Solve */6x+4-i-^^^^~io:^+^^=x+^. 

Solve ^ "^ ='^4^~7^ 3-4V4 J^-7 
•6-(- 5V4J: — 7 3 — ioV4^— 7 

Solve -; - — ^=1. 

Kationali/.e "i^^— V^'^o- 

Solve V^+^i-S- 3- 
VJt— V.*:— 3 ^~3- 
Criticise the following solution : 

Multiply-both terms of the first fraction by t/ x+ni/ x—$, and 
we have 

(V^+V^— 3*' _3 /,-, 

x~(x~3} "a-y '^^ 

or (Vi+V-r-i)"=--^ ('3; 

Extracting the square root, 

Vx+'^x—i= 



V.V— 3 
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Clearing of fractions, 

whence jr=4. (6) 

IS- Solve j;= h 

16. Solve V^+V2+^=— :---v.-- 

17. Solve mJ ^x + \Q.~^/ ^x-\-2. 

18. Solve V'i+r+V'i + .c + s^i+_v= Vi— '.^- 

^p. Solve ■'^-■'■'^-*^'~^=r^+2/. 

Rationalize the denominator of the fraction. 

15. Equations which can be Solved as Quadratics. The 
inethod employed in the solution of quadratic equations will some- 
times enable us to solve equations of other degrees, or even irra- 
ttonal equations. Thus consider the equation 

3-»^— 5-t-"'+4""2- (^) 

Multiply both members by four times coefficient of x^ and add the 
square of the coefficient of xr to each side, as in the solution of a 
quadratic equation. It then becomes 

36*'-6aT'+J5-i. (-2; 

The left-hand member is now a perfect square. Whence, extract- 
ing the square root of both members, equation (2) becomes 

whence x'=^ i or \. 

Therefore ^— + 1 or — i or -J-Vl or —s/\. 

As another example consider the equation 

4V^ +3^=4- ("ij 

Put_j"" v.*", whence it is seen that (\) becomes 

4_,.+3y=4. (2) 

Solving this quadratic we find 

y=\ or —2. 
Whence, since y=- nj x 

V^=| or —2. 
Therefore ;r=^ or 4. 
These examples suggest the following theorems : 
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16. Theorem. ^7iy eqitalion which can be placed in the fomt 
x"'+e.v"-i-/=o can be solved as a quadratic. 

may be written 

r.r-;'+<-('-.-;+/-o, (2) 

which, if we regard (x") as the unknown qaiitity, is seen to be in 
the quadratic form. Completing the square of (2) it becomes 

(x-:'^e(x-)-V\e'=\e--/ (z) 

Whence -V" + \e= ± V \e'^/ 

or .r"=— ^itVi^— 7 

Therefore x=^(-\e±->/\e--f}' (^) 

which is the sohition of the equation of the proposed form. 

17. Theorem. --Jhv equation which can be placed in the form 
X'" +eX" -^/=.o, where X stands for any linear or quadratic 

function of the unknown, can be solved as a quadratic. 
For, by the last article, it will be found that 

Now, if .V is a linear function 0/ x, this equation is of the form 

ax+b={~^±V{?-fr (2) 

which can be easily solved for x. 

If Xis a quadratic function of .r equation (\) must be of the 
form 

Now this is a quadratic equation in terms of x, since all 
other quantities in the equation are known, and hence the equa- 
tion can be solved. 

In treating examples which come under these two theorems it 
may be possible that we will not find all the values that will sat- 
isfy the given equation. This happens because we are not always 
able to find n diflferent n th roots of a quantity, while that num- 
ber really do exist. Thus from the equation 

^-J-i9.r^=2i6 (i) 

we will find by considering x' the unknown quantity that 

x^=27 or —8 
whence ■*^=3 or —2. 
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But really 27 and —8 have each three different cube roots instead 
of merely the ones we have written above. The full considera- 
tion of this matter involves subjects somewhat more advanced, 
and more than the mere statement above given will not be at- 
tempted until Part II of the present work is reached. 

18. Examples. The following five are examples under the 
theorem of Art. 16 : 

Solve x^+\bx^-=^22^. 
Solve j^-~i^^-\-^=o. 
Solve e-i"'— 35=n-i'. 

3 5 

Solve x^-^%=^^-x^. 

V.?— 2Vjr+x=o. 
The following five are examples under the theorem of Art. 17. 

6, Solve JC+SV'S?— -*=43- 

Process : Subtract 37 from each .side of the equation, obtaining 
■*— 37 + 5^37—-^— 6 
■which may be written 

-('37--^-' + 5V37--t=6 
or (yi—x)—'=,'^yi—x='—b. 

Putting _j' for V37— ^' this become.s 

Solving, . v=3 or 2. 

That is Vgy— ^=3or2 

whence 37— ;tr=9 or 4 

and ,v=28 or 33. 

The .same example may be treated by the method of Art. 11. 

7. Solve .i-'—V*^— 9=21- 

S. Solve 2v'-^— 5.^"+2— -t"-|-8-f=3-»— 78. 
y. Solve ('2-1-'— 3-Jr+i/=22A'— 33j:-|-ii. 
10. Solve ^jf"— 4^ -l-20V2.tr'— 5JC-i-fi=6jr-(-66. 
The following are examples of either the theorem of Art. 16 or 
of Art. 17 r 
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11. Solve axV X'irTT^=c. 

12. Solve x~'—2X~'=*i. 

13. Solve ^'— 5^-+4=o. 

14. Solve 3jr— 20=7 V^- - 

15. Solve ioA-3"+^'+24=-o. 
/(i. Solve Tia*-' + i = 2ix-'. 

v^. Solve V-'^++*~^=5- 

18. Solve sjt"— 4Ji:+ V3^— 4*— 6=18. 

19. Prove that the equation j:^— 97^+ 1500=204 is equiva- 
lent to the equation (x'—-i^){x^—&i)=o. 

20. Solve 2j:'— 3x'+^^=o. 

Result : x=q, or i, or 8. 



^^. Solve 8x2" 



ifl by Google 



CHAPTER VII. 

SYSTEMS OF EQUATIONS. 

1. Definition. If a number of equations containing several 
unknown quantities are supposed to be so related that they are 
all satisfied simultaneously by the same set of values of the un- 
tnown quantities, the equations are said to constitute a System, 
or a System of Simultaneous Equations. 

Thus the equations 

2x-\- y+ 5^=19) 
3X+2y+ 43=19 ^ 
7Ar+4V+ 123=49 J 
are satisfied simultaneously by the set of values, 

and are said to constitute a system. This set of values, or the 
process of finding them, may be called the Solution of the system. 
The reader is supposed to be already familiar with methods of 
solution of a system of simple equations containing as many equa- 
tions as different unknown quantities, such as the system given 
above. The systems we propose to consider in this chapter are 
those involving quadratics or equations of higher degrees. 

2, The student should not suppose that every system of equa- 
tions which may be proposed is capable of solution. It is one 
requirement that the number of unknown quantities be just equal 
to the number of equations in the system. But even this is not 
all. Some of the equations in the system may contradict some 
oftheothers, in which case a solution is impos.sible. Forexample, 
take the system 

2,+2y=2x (i)\ 
X- y=i (2)i 

From equation (2) 

x=i+y. 
Substitute this value of x in equation (i) and we obtain 
3-1-21— 2-1- 2y, 

or 1=0, 

A— 11 
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and by no other method of eUmiiiation can we get anything but 
an absurdity from the given system. Equations of this kind are 
said to be ineompatible because one equation affinns what another 
denies. We will see this to be so in the above system if, by 
proper transformations in equation (\}, the system be written 

-.->■=. (^)\ 

These equations are necessarily contradictory and can have ho 
solution. 

Another example of an incompatible system is 

■*^— y=43) 

x-^y—z =2 1 
From the second of these equations it is seen that 

Substituting this value of x in the iirst and third of the equa- 
tions in order to eliminate .*■, we obtain the system 
2V— 2=-4| 

2y—Z=-2 I 

and, since these are incompatible, we can go no further. 

There is still another case in which a system may have no 
solution. Consider the equations 

\x-\-\y=\ \ 

From the first equation we find 

X'^l-ly. 
Substituting this value of x in the second equation we obtain 

6-gy=3,'2-,p'>, 
which reduces to 0=0, 

and we get no solution. Equations of this kind are said to be 
dependent because the equations really make the same statement 
about the unknown quantities. This will be seen when, by 
proper transformations in the equations, the above system is 
written. 

It is now seen that the equtions of the system do not state 
independent truths, and consequently the system has no more 
meaning than a single equation containing two unknown 

quantities. 
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It will also be found that the system 

is a dependent one, the dependence being between the first and 
third equations. 

We may then enumerate three conditions which must be ful- 
filled by a system of equations in order that a solution may exist : 

There must be just as many equations as there are unknown 
quantities. 

The equations must be compatible. 

The equations must be independent. 

3, Of course if any equation of a system be opeiiated upon in 
any manner during the solution, care must be taken that the 
ttan^^rmatiou be with a due regard to the theorems in VI, Arts, 
3 — 12. Obviously, no operation which it is questionable to per- 
form on an equation standing alone can be legitimately performed 
upon one belonging to a system. But in addition to the reduc- 
tions which single equations may undergo, equations of a system 
permit of certain transformaticms peculiar to themselves, and it 
remains to investigate the po.isible effect of these on the solution 
of the system. The following theorems are designed to point out 
the effect on the result of the ordinary step^ in the process of 
elimination. 

4. ThbokEm. 1/ from the system of equations 



e derive the system'. 






L,S-I-L,T=R,S-|-R,T 1^ ^^^ 



L-=R„ 

where all but the second equation remain unchanged, the derivation 
is legitimate if T is a known 'quantity, not zero, hut questionable if 
T is a function of the unknoivn quantities, it being indifferent 
whether S is a known quantity or a function of the unknown ones. 
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Write system (a) so that it will read 

L-R=o (i) 

L,-R,=o (2) 



L„-R„=o 
and system (6) so that it will appear 

L,-R=o (5)] 

s(L,-R,)-T(L,-R,)=o a; t 



(d) 



L„-R.=o j 

/•"irs/, suppose T a known quantity. 

Then any set of values that will satisfy (c) must make L, — R,, 
L,— R,. . . - and L,— R„ each j^ero. But any set that makes 
these zero must satisfy (d) also. Hence any solution of (c) is a 
solution of (d). 

It is seen from (^) that any set of values that satisfies (d) must 
make I,,— R, zero. Equation (^) will then become 

T(h-RJ=o- (5) 

Now since T is a known quantity, not zero, this cannot be sat- 
isfied unless L,— R^ is zero. Hence any set of values, in order to 
satisfy (d), must make L,— R, and L,— R, and also . . . h„ — R; 
each zero. But any .set of values that makes the.se zero will satisfy 
(c). Therefore any solution of (d) is a solution of (c). 

Now we have shown, ^rs/, that any set of values that will.satisfy 
(c) will satisfy (d), and second, that any set of values that will 
satisfy (d) will satisfy (c). Hence the two systems are equivalent. 
, Second, suppose T a function of some of the unknown quanti- 
ties. 

In this case equation ( ^) may be satisfied by any set of values 
that will satisfy the equation 

T=o 
without a.ssuniing that L,— R, is zero. Consequently ff^J can be 
satisfied without equation (2) being satisfied ; that is, without (v) 
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being satisfied. Therefore (d) is not equivalent to (c) but to the 
two systems 

L,-R,=o 1 

L,-R =0 I 



L.-K,=oJ 
L-R=o 
T=o 

lI— R,=o 

5. Examples. The derivation discussed in the above theorem 
is the one st frequently used in ehmination. Thus take the 
system 

Sx—\qy= 5 (2) \ 

Multiply (i) through by 5 and (2) through by 2 and obtain a 
new equation by subtracting the former from the latter and the 
system becomes 

2x+jy=iy ($J) 
25y=75 (4) ) 
We have eliminated x from the second equation and consequently 
_>- is readily found to equal 3. 

From C3J, X is then found to equal 7. 

The theorem shows it is also legitimate to transform 

by multiplying the first equation through by x and subtracting 
the resulting equation from the second. 

An example of the use of the following theorem will be found 
in V, Art. 12 (c). 



6. Theorem, /t is legitimate to derive froi 


77 the system 


L-R,) 
L.-R.) 


(") 


liie system 




L,-R, 1 

SL.'+TL.-SR.' + TR, 1 


lb) 


if T is a himvn tjuantity, not zero. 
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(c) 
(d) 



Rewrite (a) and (b) so that they shall read 

I,,-R,=o ii) I 

L^-R^=o (2) \ 

and I,, — R,=o faJ } 

S(V-R.'J+T(I,,-R,)=o (4} \ 
It is evident that any set of values which will satisfy (cj will 
satisfy (d), for whatever makes L,— R, and L,— R, each zero will 
satisfy (d). 

It is seen froni f'jj that any set of values that satislies (d) must 
make L, — R, zero. Equation (4) will then become 

T(L-R,)=o. (5) 

Now, since T is a known quantity not zero, this cannot be sat- 
isfied unless L^— Rj is zero. Hence any set of values that satisfies 
(d) must make L,— R, and L^— R, each zero ; that is, must be a 
solution of (c). 

Now, since any solution of (t:) is a solution of (d) and any 
solution of (d) is a solution of fc), the two systems are equivalent, 

i7fo unknoivn 



7. Theorem. 


If from a system coi 


quantities 






L,=R, i^)) 




L,=R, (2) \ 


we derive the systet 






L=R, (-3; / 




L.L =R,R, (4) S 



m 

Ike derivation is questionable if L, and R, both involve unknown 
quaniilies, but legitimate if either is a known quantity not zero. 

First, suppose that L, and R, each involve unknown quantities. 

Any value of the unknown quantities which will satisfy the 
equation 

L-o 
must satisfy equation (4), since the relation L,= R, must hold if 
system (b) is to be satisiied. 

Also any value of the unknown quan^ties which will satisfy 
the equation 

R,=o 
must satisfy ('4/ since the relation L,=R, must hold if the 
system is to be satisfied. 
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Moreover, any value of the unknown quantities which will 
satish- 

must satisfy (^) since the relation I.,=R, must hold. 

Therefore, from these considerations, it is evident that the 
-system (b) is not equivalent to system (a), but to the tliree 
systems 

L,=R, / 

L,=o \ 

L,=R, / 

R,=o ( 

L,=R, ( 

U=R^ i 

Second, suppose that either L, or R, is a known quantity not 
zero. 

One of them, say R,, is the known quantity. Therefore L, 
cannot be zero, since the relation L,=!R, must hold. Hence the 
introduced system (bj and (bj are absurdities, since they require 
that L, and R, be' zero. Consequently the derivation is legitimate 
since the introduced systems are incompatible. 

8. Examples. As an ilhi-stration of the theorem, consider the 
system 

^— 4=6— r / 

This is satisfied by -1 = 3 and .i'=7. Now form the system 
x-^=(,-y ) 

(x-.^}(2X-^v}=i?.(e-y)\ 
which is satisfied by either of the sets of values, ^'=3, j'^7 or 
x=^, j'=6. The additional solution may be obtained from either 
of the systems 

■^— 4=6-j I 
.v-4=o ) 
-^-4=6- v) 
6— v=o ) 
As another example consider the system 
-V— 2v=3i 
-v+2y=7 j 
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which is satisfied by :r=5, r=i. From this we may obtain the 

system 

x—2y=i ) 

From the first equation of the system 

Substituting this value for x in the second equation, it becomes 

9 + izj'+4f'-4X=2i ; 
whence _>>= i , 

Therefore, from the first equation of the system, 
x=s- 
In this case we see that no solution has been introduced. In 
fact, the introduced systems become 

.v-2r-o) 



which are incompatible. 

9, Theorem. If from the system 



e derive the system 



L,L,=R,RJ 



(a) 



(t>) 



L,=R,1 

L=RJ 

Ike derivation is questionaale if both /.^ and R^ involve unknown 
quantiiies, but legitimate if either is a kttown quantity not sero. 

First, suppose that L, and R, both involve unknown quantities. 

Then, by Art. 7, if we pass from (b) to (a) we gain solutions. 
Hence to pass from (a) to ( b) is to lose those solutions. 

Second, suppose that either L, or R, is a known quantity. 

Then, by Art. 7, if we pass from (b) to (a) no solutions are 
gained. Hence none are lost if we pass from (a) to (b). 

10. Examples. According to the above theorem it is legiti- 
mate to divide one equation by another, member by member, if 
one member is a known quantity not zero. 
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Thus take the system 

and derive the system 

The only set of values which will satirfy (a) is X'"^, _y=i. 
This set satisfies (d) and no solution is lost. 

The system (a) is equivalent to the system (d) and to two 
other systems (see Art. 7), but the other two systems are incom- 
patible. 

As an example of the case in which soluti<Mis mav be lost, 
consider the system 

which is satisfied by either of the two sets x^o, y^^-^ and x^^, 
y=o. If we divide the second equation by the first, member by 
member, we pass to the system 

""^K^X (d) 

which is satisfied only by the values x^^, y^o. 

11, Solution of a I-inkah-Quadratic System. We now 
propose to take up the solution of those systems involving two 
unknowns which consist of one linear and one quadratic equation. 
It is convenitnt to call this a linear-quadratic system. We will 
proceed by first working the following particular example : 
x-^y=i (^)\ , , 

j^—2f=\ (2)S '■ ^ 

From equation ( i ) the value of x in terms of ^y is easily seen to be 

Substituting this value of -c in equation (2) we obtain 

or 25—ioy+y'—2y'=i (5) 

Uniting and transposing terms 

y+iqj'=24, (6) 

whence, solving this quadratic, 

y=2 or —12, 
and from equation fi^ 
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Consequently there are Iwo sets of values which will satisfy 
system (a), namely, 

and x=i-j,y=~i2. 

Now the method here used may be applied to the solution of 
any linear- quadra tic system containing two unknowns. In fact, 
take the general case* 

x+ay=b\ ., 

x'+cy'+dxy+ex+fjy^g- j ' "'' 

where a, 6, c, d, e./, and g are supposed to stand tor any real 
quantities whatever. 

The value of x in terms of J/ from the first equation of the 
system is 

x=l>~ay (t) 

Substituting this for x in the second equation of the system, that 
equation becomes 

b'—2abj+ay+fy'-\-bdy—ady'-\-eb—aey+fy=^g. 
Combining together those terms which contain y and those 
which contain y and transposing all the known terms to the right 
hand side of the equation, this becomes 

(a'-\-c—ad)f+(bd—2ab~ae+/)y=g—lf—eb, 
which is a quadratic in which y is the only unknown quantity, 
whence it can be solved. The values which may be found from 
this can be substituted in equation (■}) above, and the values of 
X will be determined. 

12. Examples. Solve the following systems : 
f x-\-y=-j . 

\zx-\-xy-'r'2y=^\i>. 
(x—5)(y+2)=io 
4jr=3j. 
f x+y=4 
^' \ xy=g6. . ^ 

'It iD^litbe thougbt tbat tb[s la not a general casf. aince x In tbe Hrnt equation anil 
x'iD the second do not appear with ooefflcleNts. But 1! either ol them had a. ooeffldeiit 
the equation could be reduced to the ^ven lorm by dividing through by that very 
ooeffldent. 



{" 
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IX x-y 

13, Solution of Systems of two Quadratics, If we have 
a system of two quadratic equations containing two unknown 
quantities and attempt to eliminate one of the unknown quantities 
it will be found in general that the resulting equation is of the 
fourth degree. Thus take the system 

^-y=h \ 

fJcxy^io. \ 
We find from the first equation that 
y=x'-^. 
Substitute this value for y in the second equation, and it be- 

or, expanding and collecting terms, 

j:'-Vx''—f,x'—^x—i^=^\o. 
Now, since we are not yet familiar with the solution of equa- 
tions of a degree higher than the second, the treatment of sys- 
. terns of two quadratics in general cannot be taken up at this 
place. But there are two important special cases of systems of 
two quadratics whose treatment will involve no knowledge be- 
yond the solution of quadratic equations, and these we will now 
consider. The cases referred to are 

I. Where the terms in each equation containing the un- 
known quantities constitute a homogeneous expression with respect 
to the unknown quantities. 

II. Where the equations are symmetrical.* 

14. Case I. We will illustrate the first case, and also the 
method of elimination which may be applied to any example of 
it, by the following solution : 

Solve the system j ^~ ^"^-^""^ fO 



*For the de fliiitlOQE at homogeneous aod Bymi 
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Suppose x=vj', where v is a new unknown quantity. Then, 
substituting this in the equations, the system becomes 

Zv'jy~ioy=z5. (4)i 

From equation/gj we find that 



and from eqaatioD (^) 

f 
Whence, from (5J and (6) 



(5) 

(6) 



V' — 2V ^if — 10. 

Clearing of fractions, 

15''^— 50=35^— 70"- 
Transposing and uniting terms, and dividing through by 10 

Solving this quadratic 

i'=y or T. 
Substituting the first of these values in f^) we obtoin 

Whence j"=±2 

and since x^vy 

Now, substituting the second value of v in (3) we obtain 

Whence j/^^^ — c, 

and, since x=vy. 

Therefore we have, as the solution of the original system, the 
four sets of values, 

^« — V— 5. y= — V — 5- 
The general system of two|equations of the above class may be 
represented by 

x'+axj'+by=c I ... 

x-^dxy+ef^f.) '"'' 
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The student nmy show that the method set forth above will 
solve the general system and hence any possible example under it. 

(5. Examples. Solve the following systems : 

J/ X 

(x-+xy^i5 

lxj'~y='2. 

* t :r)'=ri. 

S- )x-jy x-iry 3 

16. Case II. To show that any system of two symmetrical 
quadratics can be solved, we will start with the general case, 
which is evidently 

x-^ax+bxy+ay+r^c ) , , 

}f-\-dx+exy^dy+y=f J ' "-' 

If x' and y appeared in either of these equations with coeffic- 
ients the system could be reduced to the given form by dividing 
the equation through by thai coefficient. 

Through the given system substitute u-\-wior x and u—w for 
y, where u and w are two new unknown quantities. Then (a) 
becomes 

2U' + 2'W'-^2aU-\-l'U'~b'W'^c\ ,1, 

2u'-i-2S''+2du+eu'—eicf'^/^ ' 

Subtracting the second of these equations from the first we obtain 

^(a-d)u + (b-e)u'-(b-€)w'^c-f, 
or 2(a~d)u+(b—e)(t^—w')=c—/. 

Whence ^^c-f-(b~^)(^-^ 

2(a—d) 
Now if the right-hand side of this equation be substituted for 
■n in the terms 211U and 2du of system (b), that system will con- 
tain QO powers of the unknown qoantities but the second and will 
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therefore come under Case I. When u and w are thus found, x 
and_)' can be determined from the equations. 

y=u~w. 
The above work shows that Case II can always be solved, but 
we do not pretend that the method used is always the most eco- 
nomical one to employ. The insight and ingenuity of the student 
will often sugge.st special expedients for particular examples 
which are preferable to a general method. 

17. Examples. Solve the following systems : 

■ I xy =50. 
I ^{x->^y)=■sxy 

3- } x y^^s 
I xy=i. 
ix'+y=iS\ 
\ xy=6. 

A common expedient for readily solving such a system is_ to 
first transform it into the system 

i x'—2Xy+y'=6\ 
\:>^+2xy-^y'=2,o\ 
from which the values of x—y and x-\-y can be found and conse- 
quently the values of :ir and_y. 

.xy ""77 

18. Miscellaneous Systems. We have enumerated all the 
classes of systems involving equations of a degree higher than 
the first which can invariably be solved Without a knowledge of 
the solution of cubic and higher equations. The solvable cases 
embrace but a small fraction of the systems which may arise. Of 
the numbers remaining a still smaller proportion can be solved by 
special expedients. The great mass of systems involving quad- 
ratic or higher equations are thus irreducible by straightforward 
methods of solution, i. e., as a rule, such systems are insolvable, notr 
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withstanding a chance exception. In those systems which may 
be solved, special expedients are more to be sought for than gen- 
eral methods. In fact, sharp inspection of the equations and a 
knowledge of algebraic forms will often be the means of discover- 
ing an ingenious solution for an apparently insolvable system. 

The theorems of this chapter will be found useful either in just- 
ifying or in throwing doubt upon many of the common transfor- 
mations during the ordinary solution of a system. As far as 
possible the student should endeavor to take account of all ques- 
tionable derivations at the time they are made and make allow- 
ance for them in the result. In this connection the remarks at 
the beginning of the last chapter should not be forgotten. No 
matter how skillfully or ingeniously a set of values may have 
been obtained, they must satisfy the original system, ot it is no solu- 
tion. Whenever any derivation not allowed by the theorems is 
used, however plausible it may seem, this ultimate test must be 
applied. 

The following systems include examples of the cases already 
considered, besides others rtquiring special treatment. The 
method of Case II will be found to solve many symmetrical sys- 
tems of high degree. 

Put X =u + w and y=u—w, whence the system becomes 
f 2w=5 

From the iirst of these equations M=f. Whence, substituting 
this in the second, we obtain 

which is a quadratic in terms of of. When w is found x and r 
can be found from the equations x^u-\-w and y=u—w. 
\ a'_>^ =io*5'+90oo 

i^+y=2oo- 

I x~y=2 

. [ ^+J=5 
4- U^-|-y=65. 
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■ ^+4^^-115. 










1 xy=-^b. 










'■ \2x-+xy+ y-2. 










(r+ixy+r-$i 










ix+y-^/i 

<>■ \x-+y-jx-y. 










Cx-y+yx-m 






l + £_5 






(■ * J' 4 






, J (x+y)xy-340 
'■ \ x'+y'-lio. 










J x-+r+x+y-ig 






' \ x--y+x-y-6. 






, ( (x+5>(y-')-° 






'■ 1 (x-iXy-j)-o. 






]x-+y-i2~x+y 






'■ \ xy+S~2(x+y) 






j x'-x-+y-y-S4 






S- 1 jr-+<,'+r-49. 






f !2£+-?_3 




Result, x=\ot\. 


!.]*).■' 






(9fr-x;-i8 




y=2 or -\. 


j a(x-y)~i(x+y) 






'■ \ x'-y-c: 






'■ li-m 


Result. jr=±— ^: v— ±— ^ 


\ 2x'+y=g 




V3^ V3. 


\ ^+y-x-y=78 


Result 


x=9or-¥+TV-39- 


■'■ \ xy+x+j>=30. 




_y=3or -J^_|V-39- 


■ {2x^-3x^=33-2^. 




Result, ;tr=±5,or±3. 




J'=±3.or ±5. 


( V^+Vj=3 




Result, ;r=4. 


■ I xK/=^. 




^=1. 


i s/x-s/y=2 
' \(x^y)^xy=$io. 




Result, x=$, or— 3. 




^=3. or — 5. 
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( _ ;f^=i225 Result, x=4g or 25, 

t V^+Vj'^ ia. ^=25 or 49. 

tx+y^a-Vx+y 

\x-j'=i>. 

Result, x''*— ' -=- 

4 

_2(a—b) +idz\/4a+i 
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CHAPTER VIII. 

PROGRESSIONS. 

1. Definitions. An Arilkmeiical Progression is a series of 
terms such that each differs from the preceding by a fixed quan- 
tity, called the common differenee. The following are examples : 

7 + 9+11 + 13+15+ . ■ . 
31 + 26 + 21 + 16+11+ . . . 
^ + ('a+a:; + Ca + 2rf; + ['a + 3rf;+ . . . 
(x-y)-irx^(x^y)-^ . . . 
. (x~^y)->r(x~y)->r(x-\-y)-V(x->rzy)-V . . . 
The first ana last terms of any given progression are called the 
Extremes, and the other terms the Means. 

2. To Find the «th Term of an Arithmetical Pro- 
gression. Represent the first term of the progression by a and 
the common difference by d. Then we have 

Number of term. i. 2. 3. 4. 5. 

Progression. a + (a-Vd) + {a-^ridj + (aJr^d) + (a + i,d), etc. 
We notice that by the nature of the progression every time the 
number of terms is increased by i the coefficient of d is increased 
by I also ; hence to get the «th term from the 5th term, the com- 
mon difierence must be added to it "—5 times. Whence, 
representing the wth term by /, l=a-\-i^-Y(n~f,)d, or 

l=a^(n-i}d. (i) 

3. To FIND THE Sum op « Terms of an Arithmetical 
Progression. Representing the sum of the arithmetical pro- 
gression by s, we have 

s=a + (a+d) + (a-i-2d)+(a+zd)+ ...+/, (i) 

or. writing this progression in reverse order, we have 

s=/+(i-d) + (l-2d) + (l-2d)+ . . . +a (2) 

Now adding (i) and (2) together term for term, noticing that 
the common difference vanishes, we have 

2s^(a+l) + (a+!)-\-(a+l)-\-(a+l)+ . . . +r«+/;. 
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If the number of terms in the original progression be called m, 
this becomes 

2S=n(a-\-l), 
whence s=\n(a-^l). 

4. To Insert any Number of Arithmetical Means be- 
tween TWO GIVEN Quantities. Suppose we are to insert p 
arithmetical means between the two terms a and /. The whole 
number of terms in the progression consists of the r means and 
the two extremes. Hence the number of terms in the progression 
is ^+2. Therefore, substituting in (\), Art, 2, we obtain 

l=a+(p+2-i)d. 

and now, since the common difference is known, any number of 
means can be found by repeated additions. 

5. The two equations 

U=a + (n-^)d (1) 

\s=hi(a+l) (2) 

contain five different quantities. If any two of them are unknown 
and the values of the rest are given the values of the two un- 
known can be determined by a solution of the system. As an 
example, suppose that a and d are unknown and the rest known. 
Putting X for a and j for rf so that the unknown quantities will 
appear in their usual form, the system becomes 

\ s-tn(x+l) (-4; 

Finding the value of x in each equation the system becomes 

(-f'-'-f»-i> (5} ■ 

Whence, equating right-hand members of (5^ and (6), we obtain 

, 2nl—2S , . 

whence ^^n(n-i) '"^^ 
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Therefore, restoring a and d in (d) and (■]), 



where a and d are expressed in terms of the three known quan- 
tities, «, /, snd s. In like manner we may suppose anj two of the 
five quantities unknown and find tlieir values in terms of the 
known ones. In all, ten different cases may arise, which are 
given in the following table, each of which is to be worked by 
the student. 



N, 


Given. 


Re- 
quired 


Result. 


2. 


a, d, «, 


/, s. 
a, s. 


l-a+in-i)d; »4»[2a+(»-,V]. 


3- 


a, I, n. 


d, s, 


''-J— ■■ s-i«(«+')- 


4- 




d, I. 


'-t^ '-:-'■ 


5- 


n, d, s, 


a, I, 


s {n-i)d , „t-2, 
' n , ■ „ + ,(,-,)■ 


6. 


I, «, s, 


a,d. 




7- 


a, d, I, 


^ . '.l-" , ,. , (l^a)il-a+d) 


8. 


a, /, ., 


"■'■[ :ir ' 2/-;-/- 


9- 


a, d. s. 


/,« 1/ ^±^3..+«, i..:« ^— ^v'M+S^ 




I, d, s, 


a,n. 




lO. 





6. Examples. 

1. Find the sum of q terms of the progsession 3 + 7+11, etc. 

2. The first term is 96, the common difference —5 ; what is 
the 13th term ? 
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J. The first term is 8J, the common difference — f, and the 

number of terms 29 ; what is the sum ^ 

4. The first term is f, the common difference J. and the 
number of terms 1 2 ; what is the sum ? 

5. Insert 10 arithmetical raaeans between — ^ and +|. 

6. Find the sum of the first w odd numbers 1 + 3+5 + 7, etc, 

7. Find the sum of n terms of the progression of natural 
numbers 1 + 2 + 3+4, ^tc. 

S. Find the sum of n terms of the progression of even 
numbers 0+2 + 4+6+8, etc. 

p. The first term is 1 1, the common difference —2, and the 
sum 27. Find the number of terms. 

10. The first term is 4, the common difference is 2, and the 
sum 18. Find the number of terms. 

11. The first term is 11, the common difference is —3, and 
the sum 24. Find the number of terms. 

12. The sum of n consecutive odd numbers is s. Find the 
first of the numbers. 

IS- Select 10 consecutive numbers from the natural scale 
whose sum shall be 1000. 

i^. Sum V5+ V2 + 3V2-+ etc., to twenty terms. 

ij. Sum 5—2—9—16— etc., to eight terms. 

16. Find the tenth term of the arithmetical progression 
whose first and sixteenth terms are 2 and 48 : and also determ- 
ine the sum of those eight terms the last of which is 60. 

77. Insert five arithmetical means between 10 and 8. 

iS. Insert four arithmetical means between —2 and —16. 

ip. How many terms must be taken from the commence- 
ment of the series 1 + 5+9+13+17 etc., so that the sum of the 13 
succeeding terms may be 741 ? 

2o. Wnat is the expression for the sum of « terras of an 
arithmetical progression whose first term is f and the difference 
of whose third and seventh terms is 3 ? 

£1. The sum of the first three terms of an arithmetical pro- 
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gression is 15 and the sum of their squares is 83 ; find the com- 
mon difference, 

22. There are two arithmetrical series which have the same 
common difference ; the first terms are % and 5 respectively and 
the sum of seven terms of the one is to the sum of seven terms of 
the other as 2 to 3. Determine the series. 

7. Definitions. A Ceomefricai Prog'resswH is a. series oi terras 
such that each is the product of the preceding by a fixed factor 
called the Ratio. The following are examples : 

3+6+12 + 24+48, etc. 
100+50+25+12J+6J, etc. 
i+i+i+TV+^'?. etc. 
i+i+TV+^T+^s. etc. 
The first and last terms of any progression are often called the 
Extremes and the remaining terms the Means. 

8. To Find the n th Term. Let a represent the first term 
of the geometrical progression and r the ratio. Then the pro- 
gression may be written i 

Number of term. i. 2, 3. 4. 5, 

Progression. a+ar-\-ar'+ar^+ar^. 

We notice that, by the nature of the progression, every time 
the number of terms is increased i the exponent of r is increased 
by I also ; hence to get the n th term from the 5th term it must 
be multiplied by the ratio «— ,s times. Whence, reoresenting the 
Hth term by /. and /=^(ar^J(n—$}, 

l=ar-'. (1) 

9. To Find the Sum of n Terms. Represnting the sum of 
the geometrical progression by s we have 

j=a+a»-+ar-+ar'+ . . . ^ar-'+ar-'. (i) 
Multiplying this equation through by r—\, we obtain 

(r-i)s=ar^'-a. 
Whence 

r~i 
Now ar'=r(ar''~'). Therefore, since ar"~'=l, 
ar~=al. 
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Whence, substituting this value of ar" in (2) we obtain as an- 
other expression for i 

^ i^ ■ ^^^ 

10. To Insert any Number of Geometrical Means Be- 
tween TWO Given Quantities. Suppose we are to insert p 
geometrical means between the two terms a and /. The whole 
number of terms in the progression is therefore fi + 2. Hence, 
substituting /+^ for n in (ij, Art. 8, 

Consequently 

and now, since the ratio is known, any number of means can be 
found by repeated multiplications. 

1 1 The two equations 

contain five different quantities. If any two of them are unknown, 
and the values of the rest are given, the values of the two un- 
known can be determined by a solution of the system. But if r 
is an unknown quantitj' the equations of the system are of a high 
degree, since n is usually a large number and always greater than 
2 at least. In this case we will be unable to solve the system, as 
it is one beyond the range cf Chapter VII. Also if « is an un- 
known quantity, we will have an equation with the unknown 
quantity appearing as an exponent, which is a kind of equation 
we have not yet discussed. Hence there are a limited number of 
cases in which we can solve the above system. The following ta- 
ble contains the ten possible cases, with the solutions as far as 
possible. .The values of n in the last four are printed merely to 
make the table complete, for the manner of obtaining them is not 
explained until Chapter XV is reached. 
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a, r, 
I, r, n, 






r 



.t-'>. 
^— I ' 






-rs-a-s ■ l(s-I)— -<>-•'}— ■ 
a(s-ay-'~l{s-ir-: (s-iy-sr--- /. 



r—i' log r 

s—a log /—log a 

's-i- log (j-«j-iog (s-;r 

» + (>■- !> , ^. log [a+(>— i>]-log» 
?- ' log r 

" \' ';■». ,„„ ^ -r 



12. Examples and Problems. 
z. Find the sum of lo terms of the progression 3+9 
+ 27+ etc. 

3. Find the sum of 10 terms of the series -/ij+TTir+TtRnii 
■ etc., or the series .333+ 

j. Find the sum of 100 terms of the progression .3333+ etc. 
/. Sum 5 terms of the progression 27 + 270+2700, etc. 

5. Sum 10 terms of the progression 4—2 + 1— etc. 

6. Sum the series V3+V6+ ^12+ etc., to eight terms, 

7. Sum the series 3— 2 + ^— 1+ etc., to nine terms. 

8. Sum the series —4+8—16 + 32, etc., to 6 terms. 

p. The fourth term of a geometrical progression is 192 and 
the seventh term is 12288 ; find the sum of the first three terms. 
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10. Prove that if quantities be in geometric progression their 
dififerenoes are also in geometrical progression, having the same 
common ratio as before. , 

11. The first and sixth terms of a geometric progression are 
I and 243 ; find the sum of six terms, commencing ax the third. 

12. The first term of a geometric progression is 5 and the 
ratio z. How many terms of this series must be taken that their 
sum may be equal to 33 times the sum of half as many terms ? 
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CHAPTER IX. 

ARRANGEMENTS AND GROUPS. 

1, Definitions. Every different order in which given things 
can be placed is called an Arrangement or Permutation^ and every 
different selection that can be made is called a Group or 
Combination. 

Thus if we take the letters a, b, c two at a time there an: six 
arrangements, viz : 

ab, ac, ba, be, ea. cb, 
but there are only three groups, viz : 
ab, ac, be. 
If we take the letters a. b, c all at a time, there are six 
arrangements, viz : 

abc, acb, bac, bca, cab, cba, 
but there is only one group, viz : 
abc. 

2, Problem. To find the Number of Arrangements of 
M Different Things taken All at a time. 

First. If we take one thing, say the letter a, there can be but 
one arrangement, viz : the thing itself.. 

Second. If we take two things, say the letters a and b, there 
are two arrangements, viz : 

ab. ba. 

Third. If we take three things, say a, b, c, there are six 
arrangements, viz : 

abc, acb, bac, bca, cab, cba. 

Notice that there are two arrangements in which a stands first, 
two more in which b stands first, and two more in which c stands 
first. 

Four/A. If we take four things, say a. b, c, d, then we may 
arrange the three letters b, c, d in every possible way and place a 
"before each arrangement, then arrange the three letters a, c, d in 
every possible way and place b before each arrangement, then 
arrange the three letters a, b, d in every possible way and place 
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the letter c before each airangernent, and finally arrange the three 
letters n, b, c in every possible way and place the letter d before 
each arrangement. It is evident that all four letters a, b, c, d 
appear in each arrangement thus formed, and it is also evident 
that the number of arrangements in which a stands first is exactly 
the sahie as the number in which b stands first, and so on. 

Hence there are in all four time.s as many arrangements of four 
things taking all at a time as there are of three things taking all 
at a time, or there are four times six or twenty-four arrangements 
of four things taking all at a time. 

In general, if we have n things, say the letters a, b. c, d, e,f, . . 
then we may suppose all the letters but a arranged in every pos- 
sible order and then a placed before each of these arrangements ; 
then we may suppose all the letters but b arranged in every pos- 
sible order and then b placed before each of these arrangements, 
and so on. 

It is evident that all « letters appear in each ansngement thus 
formed, and it is also evident that the number of arrangements in 
which a stands first is exactly the same as the number in which 
any other letter stands first. 

Now the number of arrangements in which a stands first is evi- 
dently the number of arrangements o{ (n—i) things taken all at 
a time, and hence the total number of arrangements of n things 
taking all at a time is n times the number of arrangements of n— i 
things taking all at a time. 

. Let us represent the number of arrangements of « things taking 
all at a time by A, and the number of arrangements of «— i 
things taken all a time by A„_,, etc. Then by what has just 
been shown we have 

A„=«A,_,, 
A,_,=,'«— i;A_j, 
A,_, = f«-2;A„_„, 

A, = 3A,' 
Ai=2A,, 
A, = i. 
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Now multiply these equations together, member by member, 
and we get 

A,A„A« . . . A.=2A,3A5 . . . kA„_, 

= 1X2x3 - ■ ■ w A, Aj . . . A„_,. 
By cancelling common factors we get 

A„=iX2X3 . . . n. \ 

The product of the integer numbers from n down to i or from 
I up to « is often represented by \n or «! , and is read factorial «, 
or n admiration. | 

With this notation we may write ' - 

K=\n. 

3', Problem. To find the Number of Arrangements of 
71 Things taken r at a Time. 

Let us first take a particular case, say the number of arrange- 
ments of five things, say the five letters a, b, c, d, e, taken three 
at a time. Suppose the arrangements all made and we select 
those which begin with a and put them by themselves in one 
class, then those which begin with b and put them by themselves 
in another class, and so on. We then divide the whole number 
of arrangements into five classes, and it is evident that the num- 
ber in any one class is just the same as in any other class. 
Consider those which begin with a. Then every arrangement in 
this class contains besides a two of the four letters b, c, d, e, and 
since a is fixed and the other letters arranged in every possible 
way, therefore the number of these arrangements must equal 
the number of arrangements of the four letters b, c, d, e takeif 
two at a time. 

In general, if we have n things, say the letters a, b, c, d, e,f, . . 
to be taken >■ at a time, we may select all those arrangements 
which begin with a and put them by themselves in one class, then 
those which begin with b and put them by themselves in another 
class, and so on. We thus divide the whole number of arrange- 
ments into n classes, and it is evident that the number of 
arrangements in any one class is just the same as the number of 
arrangements in any other class. 

Consider those which begin with a. 
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Then every anangement in this class contains besides a, (r — i ) 
of the letters b, c, d, . . , and since a is fixed while .the remain- 
ing letters are arranged inevery possible order, therefore the number 
of arrangements in the class considered must equal the number of 
arrangements of n—i letters b, c, 4, . , , taken r—i at a time. 

As there are n such classes and as the number of arrangements 
in each class equals the number of arrangements of w— 1 things 
taking r— i atatime, thereforethe total number of arrangements of 
n things taken r at a time equals n times the number of arrange- 
ments of n— 1 things taken r— i at a time. 

Let us represent the number of arrangements of n things taken 
r at a time by A.{") and similarily any number of things taken 
any number at a time, say s things taken / at a time {s being 
greater than t) by A(;}, then by what has just been proved 
AO)=nAOz\) 

Acr{)-r«-iJA(r?) 

Multiply these equations together, member by member, and 
cancel common factors and we get 

H")=n(n-^)(n-2)■. . .(n-r+j). 
Multiply and then divide the right-hand member by 
(n—r)(n—r+ij. . . i and we get 
^^.._ '^(''~V("-2) ■ - .(n-r+iJ(n~ rXn~r-iJ. . . i 

^^'' („-rXn~r-, . . .T^ " " ■■ 

It is easily seen that the numerator is 1 n and the denominator 
is \fi~r, hence 

"■'^«-;£. 

4. Problem. To find the Number of Groups of n Dif- 
ferent Things taken r at a Time, 

Take the letters a, b, c, d, e, . . . , and suppose the groups all 
written down ; then, fixing our attention upon any one group, it is 
evident that there could be several different arrangements made 
from that group by changing the order of the letters. 
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It is further evident that if we form all possible arrangements in 
each group we thereby obtain the total number of arrangements 
of the n letters taken r at a time. 

The total number of arrangements then equals the number of 
arrangements in each group multiplied by the number of groups. 
Hence, representing the number of groups of n things taken r at 
a time by G(;) and remembering that the number of arrange- 
ments in each group equals the number of arrangements of r 
things taken all at a time, that is ' r, and further remembering 
that the total number of arrangements equals 

we have 

ir GO - ,„-!,- 

hence GC;) = — '-p-- 

5, The form of this result shows that the number of groups of 
u things taken r at a time is the same as the number taken n—r 
at a time. This is also e\'ident in another way, for every time we 
select t things from w things we leave out n— rthings ; hence there 
must be as many ways of leaving out n — r things as of selecting' r 
things, but of course there are as many ways of selediug n—r 
things as there are oi leaving out «—»■ things. 

6, In all that precedes, it was supposed that the given things 
were all different and that in forming the arrangements or groups 
none of the given things were repeated. Now we will consider 
arrangements and groups in which the things may be repeated 
and those in which the given things are not all alike. 

7, Problem. To find the Number of Arrangements of 
n Things taken r at a Time, Repetitions being Allowed. 

Suppose first we wish the number of arrangements, including 
repetitions, of the four letters a, b, c, d taken one at a time. 
Evidently there are four arrangements, viz : a, b, c, d. 

Next suppose we wish the arrangements, including repetitions, 
of the four letters a, b, r, d taken two at a time. 



ifl by Google 



Arrangements akd Grodps. 119 

The arrangements are the iollowtng : 
aa ab ae ad 
ba bb be bd 
ca cb cc cd 
da db dc dd 

Thus we see that there are sixteen arrangements, that is, 4* 
arrangements. In exactly the same way if we have n letters 
a, b, c, d, e,/, . . . , the a may be followed by each of the n let- 
ters, giving « arrangements beginning with a ; the 6 may be fol- 
lowed by each of the « letters, giving n arrangements beginning 
with d, etc. So there are evidently n arrangements beginning 
with eac^ letter ; hence in all there are n' arrangements of « things 
taken two at a time, allowing repetitions. 

Let us now find the number of arrangements, allowing repeti- 
tions, of n things taken three at a time; and first to give definite- 
ness to the ideas, consider the number of arrangements, allowing 
repetitions, of four letters a, b, c, d taken three at a time. We 
have written out the sixteen arrangements of four letters taken 
two at a time, and now we may suppose each of these sixteen 
aTTangements to be preceded by the letter a, then each of these 
sixteen arrangements to be preceded by b, etc. We then have 
sixteen arrangements of three letters each, beginning with each 
letter, and as there are four letters there are in all four times six- 
teen, or sixty-four, arrangements of the letters a, b, c, d taken 
three at a time, repetitions being allowed. 

Now, in the same way, if we have n letters a, b, c, d, e,/, . . , 
we may suppose each of the n' arrangements two at a time to be 
preceded by a, then each of these same n' arrangements to be pre- 
ceded by b, etc. 

Thus we get «" arrangements beginning with a, n' arrange- 
ments beginning with b, «' arrangements beginning with c, etc. 
Hence in all we obtain n times «'. or w', arrangements of n letters 
taken three at a time, repetitions being allowed. 

In general, if we know the number of arrangements of « letters 
taken jat a time, repetitions being allowed, we may find the num- 
ber of arrangements of the « letters taken j-f- 1 at a time. 

Representing the number of arrangements, with repetitions, of 
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ft letters a, ir, c, d, e,f, . . , taken J at a time by N„ we may 
then write a before each of these N, arrangements j at a time and 
obtain N, arrangements s+i at a time beginning with a. 

We may also write 6 before each of the same N, arrangements 
and obtain N, arrangements ^+ 1 at a time beginning with 6, and 
so ou until each of the n letters a, b, c,d, . . is in turn placed be- 
fore e^ch of the N, arrangements j at a time, and we then obtain 
kN, arrangements taken j+ i at a time, repetitions being allowed. 

Represent this number by N,^^ , and we have 

s being a positive integer which may be greater or less than «. 

Giving s in turn all intermediate values from r~ i down to i 
and remembering that the number of arrangements one at a time 
is equal to n, we have 



Multiply these equals together and cancel the common factors 
and we get 

8. Problem. To find the Number of Groups of « Things 
Taken >- at a Time, Repetitions being Allowed. 

To prepare the way for the general case we begin with the 
groups of the four letters a, b, c, d taken three at a time, repeti- 
tions being allowed. 

In this case there are twenty groups, \'is: 
aaa aab aac aad abb 
abc abd ace acd add 
bbb bbc bbd bcc bed 
Md ccc ccd cdd ddd 
Now if in each of these twenty groups we leave the first letter 
standing and advance the second letter one step and the third 
letter two steps, we get twenty new groups of the six letters a, b, 
c, d, e, /, as follows: 
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abc aid abe abf aai 
.ace acf ode adj aef 
bed bee bcf bde bdf 
be/ cde edf cef def 

The groups here written are the groups of the «Jr letters a, b, 
c, d, e, f, without repetitions. 

In a similar manner we may deal with the general case of the 
rnumber of groups of n letters a, 6, r, d, e,/, . . . taken ^ at a 
time, repetitions being allowed. Let the number df these groups 
be denoted by If r and suppose them all written down in alpha- 
betical order ; then in eaeA of these groups keep the ■first letter un- 
changed, advance the second letter one step, the third letter two 
steps, the fourth letter three steps knd so on. 

We thus form N,new groups containing all the letters the orig- 
inal ones contained, and r— i other letters. These new groups 
are written in alphabetical order, because the original ones were, 
and by the way in which the letters have been advanced it is evi- 
dent that no letter is repeated in any one of these new g:roups. 

No two of these new groups are alike, else two of the original 
groups would have been alike. 

Now since each of these new groups contain >■ of the. «-|-r—i 

letters a, b, e, d, e and since no letter is repeated in any 

group, and since no two groups are alike, therefore these new 
groups constitute some or all of the groups of the n+r—i letters 
II, b, £, d, e, . . . taken r at a time without repetitions. 

I^t the number of groups without repetitions of n+r— i things 
taken rat a time be represented by G("''"~^j then it is evident that 
N, cannot exceed G('^'~')- Now let us conceive each of the 
G("+'~') groups written down in alphabetical order, and then 
leave the first letter in each group unchanged, change the second 
letter in each group to the one just before it in the alphabet, the 
third one in each group to the second one before it in the alpha- 
bet and so on, then these groups are changed into new groups 
wherein some of the letters are repeated, but no letter is beyond 
the nVa. letter of the alphabet. Moreover no two of these groups 
are alike, baaaa no two of those from which they were formed 
were alike, so that these new groups must be some or all of the -. 
n letters a, b, c, d, e, . . . taken »■ at a time with repetitions. 
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These last formed groups are G(""^'~^) in number, being formed 
from that number of groups, and as the number of groups with 
repetitions of « things taken r at a time has already been repre- 
sented by N„ hence G(""'""~') cannot exceed n^. 

It was previously proved that n, could not exceed G(""'"'~^), 
hence, since neither can exceed the other, the number must be the 
same, or, in other words, the number of groups of « things taken 
r at a time, repetitions being allowed, is equal to the number of 
groups of (n+r-—i) things taken >■ at a time without repetitions. 
The last number has already been found. Hence the number of 
groups of « things taking ^ at a time, repetitions being allowed, 
equals 

(>i±r-i){n+r-2) . . .n 
\r 
which may be written in either of the forms 
n(n+i) . . . (n+r~i) 



"9. Problem. To find the Number of Arrangements 
WHERE THE Given Things are not all Different. 

Illustration. — From what has gone before we know that the 
number of arrangements of the letters a, b, c, d taken all at a time 
is twent>'-four, but if we have the letters a, a, b, c the number of 
arrangements is only twelve. These twelve are the following : 
aabc aacb abac abca 
acab acba baac bam 
bcaa caab caba cbaa 
If we have the letters a, a, b, b there are only six arrange- 
ments, viz : 

aabb abab abba 
baab baba bbaa 
If we have the letteas a, a, a, b there are only four arrange- 
ments, viz : 

aaab aaba abaa baaa. 
Thus we see that with a given number of things the number of 
arrangements depends upon how many of each kind are alike. 
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Suppose now we have in all n letters, of which a is repeated r 
times, b is repeated s times, c is repeated f times, and so on so 
that r+s+f+ . . . =«, and we wish to find the number of 
arrangements taking all the n letters at a time. 

Fixing our attention upon any arrangement whatever of the n 
letters, let all the letters but the a's remain unchanged while the 
r a's change places among themselves. Because all these a's are 
alike we get only one arrangement, but if they had all been dif- 
ferent we would have obtained \r arrangements, and since the 
same thing is true whatever the arrangement upon which we 
fixed our attention to begin with, it follows that there are \r 
times as many arrangements when all the r letters are different as 
there are under the present supposition. In the same way there 
are | s times as many arrangements when the s 6's are all different 
as there are under the present supposition, also there are [ f times 
as many arrangements when the / c's are all different as there are 
under the present supposition, and so on. 

Hence there are ' r | j I / . . . times as many arrangements 
when the « letters all are different as there are under the present 
supposition, or the number of arrangements under the present 
supposition is equal to the number of arrangements of n things 
taken all at a time, when all are different, divided hy ' r \s \i . . , 
that is, the number of arrangements under the present supposition 
is equal to 



10. Problem. To find the Number of Ways in which 
M Things, no two Alike, can be Made up into Sets of 
which the first set contains r things, the second set contains s things, 
the third contains I things, and so on, where of course 

We begin with a special case and find the number of ways five 
letters a, b, c, d, e, can be made up into two sets of which the 
first set contains two, and the second set three letters. 

Consider any particlar way of dividing into sets, say the first 
set is ab, and the second set is cde. Then keeping the sets undis- 
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tarbedi them could be twdve- arrangements* made fromitbisoae 

diinsions into sets. The twelve arrangements are: 

ai ede ba cde 

ab ad ba ced 

oA' dee ba dee 

ab dec ba dec 

c^ eed ba ecd 

ab ede ba edc 

From any other way of dividing into sets thrae could be twelve 

arrangements found, hence the whole number of arrangements of 

five letters equals twelve times the number of ways of dividing: 

into setsV or the number of sets equals one-twelfth the number 

of aerangements. The number of arrangements in this case is 15^ 

hence the number of ways of makimg up sets in this case equ^. 

We will now take the general case of n letters a, b, e, d, e,^, . . 
and take the first r letters to form the first set, the following s let- 
ters to form the second set, the next following / letters for l3ie 
third' set and so on. 

Place the letters of the first set down, in a horizontal line, then 
those of the second set in the same horizontal Xm^/ollowing the 
first set, and those of the third set in the same horizontal line fol- 
lowing those of the second set, and so on. 

We thus have all the n letters arranged in a horizontalline, and 
it is evident that we could keep these sets undisturbed, but still 
make several arrangements of the n letters in a horizontal line. 
The letKrs in the first set can be arranged in | r ways, those of 
the second set in I ^ ways, those of the third set in | / ways, and 
so on, and as any arrangement in any set may accorapany any 
arrangement in any other set, hence the whole number of arrai^e- 
raents while the sets are undisturbed is eqnal to | '' | f- 1_' ■ ■ ■ 

Thus from one way of making up the sets there are ^ |^ U . . 
arrangements, and of course from any other division into sets, 
there could be formed the same number of arrangements^ hence 
the whole number of arrangements of n things, all at ai time,, 
equals | r ] j | / . . . times the number of ways of making up the 
sets, or the number of ways of making up the sets, eqtmls the 
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number of arrangements divided by |j" |_s |J . . . oc theaumbeE . 
of ways of making up n things Into sets, of which the first con- 
tains r things, the second s things, the third i things, and so on, 
equals 



Ir \l !_'• • • 

II. Given A SET OF ^ THINGS, Another set of L things, 
Anothek of M things, and so on ; to find the Number op 
Groups- that can be. Made, bv tabins r Things from: Tirar 
First set, s Things from the Second set, t prom, the Third 

set, ajsd so on. 



Of the K things taken ^ at a time: there are -. — -^ groBps, 

ami of the I, things taken' satt ai time- there aia ,- 






and of the M things taken i at a time there are ri-i^-^j grt«P*r 

and so on, and as any one of the groups from the first set may be 
taken with any one of the girraps' from the second set, and any 
one from the third set, and so on, to form a larger group, it follows 
that the total number of these larger grcnrps eqiials the product 
|K [L |M 

\r\ K~r |j | L-J I ^ I M- / ' 

12. There are various relations- coonecting airratieemeTTts with 
arrangements, groups with groups, arrangemeat» witli groa|e, 
etc. We will obtain a few of these relations, and recommend 
that the student try to obtain otkers not here given. 

One relation was obtained in Art, 2, where it was shown that 

A(:)-«A(:ii), (I) 

and another in Art. 3, where it was shown that 

A(;)=«A(;zl). (2j 

We have already found that 
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and from this it follows that 

I" 

But I «— r+ 1 equals the product of the integer numbers from 

I up to «— r+i, and this product of course equals n—r+i 

times the product of the integer numbers from i up to n—r, or 

\n^r±i^(n-r+i)\n-r, 

hence ^^'-^'^= (n-r^i) \n-r ^^^ 

Comparing this with the value of A(;!), equation (^), we get 
AO=(n-r+i}M:'-,). (6J 

If in {^} we make r=n we get 

A(:)-At,), (,) 

or the number of arrangements of n things taken all at a time 
equals the number of arrangements of n things all but one at a 
time. 
We have already found that 

and from this it follows that . 

Multiply both numerator and denominator of this last fraction 
bywf'w— ;-j,rememb^ngthat«| w— i — |«andthat('w— rj| «— r— i 
^1 »— r, and we get 

hence, from (S) and (g), 

From (8 j it easily follows that 
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Multiply both numerator and denominator of this last fraction 
by r and remember that r|r— i — |^ and that |«— r+i^ 
(n — r+i) \n—r, we get 

Comparing (it,) and (&) we easily get 

o(;)-^=^'g(;-,). di) 

From (&) it easily follows that 
From (i^) and (q) we get 

G(r-)+G(;:i)-,-lg^ + J^-^_^ 

(•«— r;[«--i '■\n~-^ __ «|^:-r \^_ 

■which by Art. (&) equals GO, hence 

GC)=G(r')+G(ri). ri6; 

We have obtained a few relations connecting arrangements 
with arrangements in equations (i), (2}, (6), (t), also a few 
relations connecting groups with groups-in equations (11). ('14A 
(16). We now obtain a few relations involving both arrange- 
ments and groups in the same equation. 

We have already found in Art. 4 

A(;)-|rO(;), (IT) 

and as [ r=A(') we may write f 17J in the form 

A(;)-A(3G(;). (-18; 

From (j), AQ=A(^i) and writing this value in (i^) we get 

A(;)-A(;_,)G(;). C19J 

In ("iSJ substitute the value of G(;) given in (i6) and we get 

A(;)-A(;)[G(;-':+Gi;;!)]. r^o; 

But it readily follows from (li) that 

A(;-M-A(;iGir'). 
G,r.,=^|^'. 

Substitute this value of G(" ^) in ('zoj and we get 

A(;)=A(rM+A(;) GUT}). r2i; 



ifl by Google 



r2'6 AXGKBXA, 

Since by Art. 8, groops where ispetitiotffi ate allowed can be 
expressed in terms of groups when tepetitioos ace not allowed, it 
would be an easy matter to obtain equations involving groups 
with repetitions. 

13. Examples and Problems. 

/. How many different groups of two each can be made 
from the letters a, d, I, n, s f See VIII, Art. 5. 

2. How many arrangements of &ve each can be made from 
the letters of the word Groups f 

J. How many different signals can be made with five flags 
of different colors hoisted one above another all at a time ? 

4. How many different signals can be made from seven 
flags of different colors hoisted one above another, five at a time ? 

J. How many different groups of 13 each can be made out 
of 52 cards, no two alike? 

6. How many different signals can be made from five flags 
of different colors, which can be hoisted any number at a time 
above one .another ? 

7. Howmany diflerent signals can be made from aeven .flags 
of which 2 are red, i white, 3 blue, r yellow when all are dis- 
played -.together, »me above another, for each signal. 

8. A certain lock opens iibr some anangemeht of .the num- 
bers o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 'taken 6 at a time, repetitions 
allowed. How many trials must be made before we would be 
sure of opening the lock ? 

i>. In how many ways can a committee of 3 appointed from 
5 Germans, 3 Frenchmen and 7 Americans, so that each nation- 
ality is represented ? 

10. How many diflerent arrangements can be made of nine 
ball players, supposing only two of them can catch and one pitch ? 

//. How many different products of three each can be made 
from the four letters a, 6, c, df 

iz. In how many different ways can the letters of the word 
algebrah^ written, using all the letters? 



ifl by Google 



Arkangehsnts and Groups. 129 

ij. In how many ways can a child be named, supposing that 
there are 400 different Christian names, without giving it more 
than three Christian names ? 

If. In how many ways can seven people sit at a round table ? 

15. There are 5 straight lines in a plane, no two parallel ; 
how many intersections are there ? 

16. On a railway there are 20 stations of a certain class. Find 
the number of different kinds of tickets required, in order that 
tickets may be sold at each station for each of the others. 

77. Find the number of signals that can be made with four 
lights of different colors, which can be displayed any number at 
a time, arranged either above one another, side by side, or 
diagonally. 

18. From a company of 90 men, 20 are detached for mount- 
ing guard each day ; how long will it be before the same 20 men 
are on guard together, supposing the men to be changed as much 
as possible f How often will each man have been on guard during 
this time ? 

7p. A lock contains 5 levers, each capable of being placed in 
10 distinct positions. At a certain arrangement of the levers the 
lock is open. How many locks of this kind can be made so that 
no two shall have the same key ? 

2o. There are « points in a plane no three of which arc in 
the same straight line. Find the number of straight lines which 
result from joining them. 
' 21. There are w points in a plane, no three of which are in 
the same straight line except r, which are all in the same straight 
line ; find the number of straight lines which result from joining 
them. 

23. There are « points in space, no four of which are in the 
same plane with the exception of r which are all in the same 
plane. How many planes are thece, each containing three of the 
points ? 
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1. The Binomial Theorem enables us to find any power of a 
binomial without the labor of obtaining the previous powers. In 
order to observe the law of formaCicm of a power of a binomial we 
first observe the lawofformationof the product of several binomial 
factors of the form x+a, jr+i, x+c, etc., and we will afterwards 
be able to arrive at the power of a tMnomial by the aapposition 
that a=^=ir, etc. 

2. I*Aw OF THE Product of Factors of the form x+a, 
x+6, x+c, Etc. 

By actual multiplication it is seen that 
(x+a)(x+6)=x'+(a + 6)x+ai, 

(x-^a)(x+b)(x+c)=x>+(q+b+c)x'+(aB+ac+lK)x+abc, 
(x+a)(x+b)(x->rc)(x-ird)=x'+(a-\-b-\-^\d)x^+ 

(ad+ac+ad+6c+6d+cd}x'+{a6c+a6d+acd+ficd)x+aded. 
By a careful inspection of these products we will discover the 
presence of two uniform laws — a law for the exponents and a law 
for the coefficients. 
The law of the exponents is readily seen to be as follows : 
The exponent of x m the first term of the product is equal to the 
number of binomial factors, and in the remining terms it continually 
■ decreases by one until it is zero. 

The law of the coefficients may be stated thus : 
The coefficient of the first term is unity; the coefficient of the second 
term is the sum of the second terms of the binomial factors; the coef— 
fident of the third term is the sum of all their different products 
taken two at a time; the coeffiident of the fourth term is the sum of all 
their different products taken three at a time, and so on. The last 
term is the product of all the second terms of the binomial factors. 

3. Proof that the Laws are Genekal. We will now show 
that if the laws observed above hold in the product of a given 
number of binomial factors, they will hold in the product of any 
number of binomial factors whatever. 
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For, assume that we have tested the above laws in the case of 
the product of a certain numbef of factors, suppose tt, and have 
found them to hold true. 

To facilitate the discussion we will represent the » second terms 
of the binomial Victors by a,, a^, ^g, a^, . . ■ i«* instead of 
a, b, <-, d, etc., and accordingly the product of the n binomials 
C;c+fl jr^+a.Xjc+a.Vfjt+aJ . . . (x+a,_,)(x-^aj 
-=.ir-+('«, +«,+«, +«^ . . +a.)jr-^ 

+ . . . +a,a^a,a^ . . a.. 

In order to abreviate this expression it is convenient to let 
Pi equal the _^rsi parenthesis, or the sum of all the different 

second terms of the binomial factors. 
P, equal the second parenthesis, or the sum of all the different 

products of the second terms of the binomial factors taken two 

at a time. 
•P, equal the third parenthesis, or the sum of all the different 

products of the second terms of the binomial factors taken three 

at a time ; and so on. 
P, equal the n Ik parenthesis, or the product of all the second 

terms of the binomial factors. 

With these abbreviations the second member of the above 
equation reads 

.r"+P,.r"-'+P5.*-"-2-fP^;(— 8+ . . . +p„. 

Multiplying this expression, which"Vepresents the product of « 
binomial factors, by a new binomial, x-^a„^ ,, we derive the fol- 
lowing result for the product of n-\- 1 binomial factors : 

:tr-+i+('p,+«,+,;.v-+('p,+a.+,p, ;■«'-' 

+ ('P,+a„^iPJ;c"^+ . . . +a„iP,. 

It is seen from this result that the law of exponents still holds. 

For there are w + 1 binomials and the exponent of x begins, in 

the first term, with n + i and decreases continually by one through 

the remaining terms until the value zero is reached. 

ileal artvantageB. It must not b* suppo»Bd, 
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The law of coefficients holds good also. For : 

The coefficient of the first term'is unity. 

The coefficient of the second term is P,+a„j.,. Now P, 
stands for the sum of the n terms a, +a^ -\-a^ + . . . a„. Ilence 
Pi+a.+ ,, or the coefficient of the second term, is the sum of all 
the difiFerent second terms of the binomial factors. 

The coefficient of the third term is Pi+fl.4.iP,. 

Now Pj represents the sum of all the different products of the 
K letters Oj, a^, a^. a^, . . . a. taken two at a time. . 

(i). That is, Pj represents the sum of all the different products 
of the n+i letters aj, a^, a^, . . . a,,., taken two at a time 
which do no/ contain a„^ j . 

Again, 

fl..nP,=fl,a,^,+a,fl„+,+<is.z,+ ,+ . . . +a.A„^,. 

(2). That is, «„+,P2 equals the sum of all the different prod- 
ucts of the «+i letters a^, Uf^.a^, a^, . . . fl„+], taken two at a 
time, which contain a„+i. 

Therefore, putting (i) and (2) together, Pj-|-fl„.,.,P, equals 
the sum of all the different products of the n-\-\ letters 
"1. "^2, '^g, 04, - ■ . a^i^i, taken two at a time, both those which 
do and those which do not contain a,+ ,. 

The coefficient of the fourth term is p3+a,+ ,Pj. 

Now P, equals the sum of alt the different products of the n 
letters a,, a^, a^, a^, . , . a,„ taken three at a time. 

(i). That is, Pg equals the sum of all the different products of 
thew+i letters fl,, Oj. ^3, flj, , . . u,,.,, taken three at a time, 
which do not contain «„+, . 

Again, 

(^). That is, (i„4 1 Pj equals the sum of all the different products 
of the «-t-i letters a,, Uj, Og, a,, , . . a„^■^, taken three at a time, 
whitk contain «»+,. / 

Therefore, putting (^) and (i,) together, P,+a,+ iPj equals 
the sum of all the different products of the «-t-i letters a■^, a^, 
flj, «4, . . . «„+], taken three at a time. 

In like manner we may treat the coefficient of the fifth term, 
and so on. The last term is the product of all the n+i letters 
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Therefore, we have proved that if the laws of exponents and 
coefficients hold in the product of n factors, they will hold also in 
the product of n+ 1 factors. 

But they have been proved by actual multiplication to hold 
when four factors are multiplied together, therefore they hold 
when five factors are multiplied together, and if they hold when 
five factors are multiplied together they must hold when six are 
multiplied together, ana so on indefinitely. Hence the laws hold 
universally. 

4. Deddction of the Binomial Formula. 
We have now proved that the equation 
■ (x+aj(x+aj(x+aj . . . (x+a..,Xx+aJ 
-j^ + (a,+a,+a^+ . . . +ajx—' 

-i-(a^ai+a^ag + a^aj+ . . . +a,_,aj.r-' 

+ . . . +a,l2«a'»4 - ■ «- 
is true for all positive values of n. 

Since a,, a^, a,, a,, . . . u, are any numbers whatever, we 
may assume that they are all alike and we may suppose each 
equal to the quantity a. Then each of the factors in the left- 
hand side of the above equation will become equal to x+a, and 
consequently the left-hand member will become 

On the righ'-hand side of the equation the term x' remains un- 
changed. In the second term the parenthesis becomes the sum 
of « a's ; that is, it is equal to.«fl, so that the second term itself 
becomes 

In the third term the parenthesis reduces to the sum of as many 
<i*'s as there are groups of w things taken two at a time : that is, 

the parenthesis becomes ■- a', so that the third- term itself 

1.2 
becomes 



In the fourth term the parenthesis reduces to the sura of as 
many a^'s as there are groups of « things taken three at a time ; 
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fourth term itself becomes 

1.2.3 

and so on for the other terms. 

The last term reduces to the product of m a's ; that is, to 

Therefore, on the supposition that a^=a^=^a^= . . . =a,, the 
equation above written becomes 

1.2.3 
which is the Binomial FormuUi. 

The expression on the right-hand side of the equation is called 
the Expansion or the Development of the power of the binomial. 

5. Example. Expand O'+^j*. 

Substitute y for x, 2 for a, and 5 for «, in the binomial formula 
and we obtain 

or simplifying, 

l'_V+2/=y+ioj^+4oy+8oy+8o^'+32. 

6. Binomial Theorem. The binomial formula may be stated 
in the form of a theorem as follows : 

In any power of a binomial x-\-a, the exponent 0/ x begins in the 
first term with ike exponent of the power, and in the following terms 
continually decreases by one. The exponent of a commences with 
one in the second term of the power, and continually increases by one. 

The coefficient of the first term is one, that of the second is the cjtr- 
fionent of the power : and tf the coefiictent of any term be multiplied 
by the exponent of x in that term and divided by the exponent of a 
increased by one, it will give ike coefficient of the succeeding term. 

7. HiSTomcu. Note. The flret rule for obtaining the powers of a bi- 
nomial s«me to have been given by Vieta (lS40-lfi03). He observed as a 
neofissaiy reeult ot the proc«BB of multiplication that the Buccee^Te coefficients 
ot any power ot a binoniiBi are : first, unity ; second, the sum of the first and 
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Beeond co^BeisBts tn the preoaiHng power , third, tb« smu of the geoMid and 
third coefflcienta In the preceding power, and ao ©a. Vieta noticed alfio the 
uniforailty In the product ut binomial tactora of thu foim x+a, x+b, x+c, etc. 
But Harriot (1560- 1621) IndependeDtly and more tuUy treated of these prod- 
ucts lu ehowlng the nature of tbe compositkin of & rational Integral equation. 
See VI, Art. 1, In this connection It is interestins to note that Harriot was 
the first mathematician to tmnspoee all the terms of an equaUoo to the left 
member. 

The binomtal formula as now used ; that is, tbe expanston of the nth power 
of a binomial, eipreesed with factorial i-oefflctentH. was the discovery of Siir 
leatto Newton (1542-1727) nnclfor tbat reason it is commonly called Sir Isaac 
Neaton'M Binomial Theorem. 

Q. Number of Terms in the Expansion. The exponents 
of a through the binomial fonniila constitute the following scale : 

I. Therefore the 
number of tenns in tbe expansion oi (x-i-a)" is «+i. 

9. Value of the ^th Term. The value of the rth term in 
the expansion of {jc-i-a)' can be easily found 

By the law of exponents, the exponent of x in the /irsi term is 
n; in the second. «— r; in the third, »— 2, and so on; conse- 
quently in the rth term it is n—(r—\), or «— r-f i. Also by the 
law of the exponents, the exponent of a in the second term is i ; 
in the third term, 2, and so on ; consequently in the ^th term it 
is r~i. So, without the coefficient, the rth term must be 
a'-'.*:—'-". 

By inspection of tbe coefficients in the expansion in Art. 4, 
it is seen that the numerator of the coefficient of any term is the 
product of the natural numbers from n to a number one greater 
than the exponent of .v. Since the exponent of .v in the rlh. lenn 
has been found to be n~r+\, this numerator of the coefficient 
miist be «('«— iX«— 2; . . . (n—r+2). 

An inspection of the binomial formula will also show that the 
denominator of any coefficient is the product of the natural num- 
bers from unity to a number equal to the exponent of a. Whence 
the denominator of the coefficient of the rth term must be 
I, 2, 3, . . . (r~i). Therefore the complete rth term is 
n(n-i)(n~2) . . . ( n~r+2j^_,^„_^__ . 
1.2.3.4 ■ ■ ■ ('—0 
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Multiplying numerator and denominator of the Coefficient by 

] n—r+i, this becomes 



10. Theorem. /« (Ae expar.-siott i>/(x+a)" the coeffident of 
the rth term from the beginning equals the coefficient of the rth letm 
from the end. 

Since there are n+i terms all together (Art. 8), the /th term 
from the end has ;;+!—/, or n— /+i, terms before it. Hence 
the /th term from the end is the same as the n— /+2th term from 
the beginning. From the preceding article the n— /+2th term 
equals 

But from the preceding article the /th term from the beginning 

equals 



|/-i !«-/+! 
It is plainly seen that the coefficients are identical. 

11, Expansion of (x—a.)" 

If we substitute —a for a in the binomial formula we will 
obtain the following result for the expansion oi x~a : 

1.2 1-2.3 

12. Theorem, /n the binomial formula the snm of the coeffi- 
cients of the even terms equals the sum of the coefficients of the oda 
terms. 

In the expansion of fjtr— a_J" put x=i and a=i. We then 
obtain 

1.2 1.2-3 

which shows, since the negative on the right side of this equation 
must equal the positive, that the sum of the coefficients of the 
first, third, fifth, . . . terms equals the sum of the coefficients of 
the second, fourth, sixth, . . . terms. 
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13. Theorem. The sum 0/ all the coefficients in the expansion 
of (x-^-a)" equals 2". 

In the expansion of ('.r+a/ put x=i and 11=1. We then 
have 

2 1.2.3 

14. Examples. 

/. Expand (x+a)''. 

2. Expand (b~c}\ 

J. Expand O+3J'. 

4. Expand (l^—t')'. 

5. Expand (x+af. 

6. Expand (x-\-2cf. 

7. Expand (zf>+\/- 
S. Expand {x'+a')\ 
p. Expand (Qax—jifJ'. 

10. Expand (•yad—'&'adY- 

11. Expand yH — . 

12. Expand (s—\^)"'- 

jj. Find the 5th term of (xj+.r')". 

14. Find the 9th term of |t-r^+|-ir' J . 

15. Find the«th term of »"+— J ■ 

16. Expand (x'-^2ax'^a')^. 
ly. Expand {t/c'— 2x)". 

18. Find the 1000 term in (x+a)"". 

15. ExrpANsiON OF A Polynomial, The power of a polynomial 
can be obtained in the following manner. Suppose it is required 
to expaiid fa+^+f^^. We can proceed thus : 

(a+b+ep=[a-{-(b+c)y 
=a>+Za'(b-\-c)-\-;!,a(b+cr+(b+c)\ 
which, when the powers of b-\-c are developed, becomes 

a'+3fl"(^+3aV+3a5=+6ai<r+3af"+i'+3*'<r+33f'+cJ. 
Notice that the result is a homogeneous symmetrical function of 
a, b, and c. 



ifl by Google 



138 Alge 

16. BxAMPLES. 

/. Expand (a-{-b~c/. 

2. Expand I'ai.+ fc+flc/. 

?. Expand — 

^. Expand (a-k-b-^c-^d)'. 

S. Expand ('1+^4- Jr-;-. 
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CHAPTER XI. 

THEORY OP LIMITS. 

1. Definition, When a quantity preserves its value un- 
changed in the same discussion it is called s Constanl, but when 
under the conditions of the problem a quantity may assume an . 
indefinite number of values it is called a Variable. 

Constants are usually represented by the first or intermediate 
letters of the alphabet and variables by the last letters. 

The notation by which we distinguish between constants and 
variables is tlie same as that by which we distinguish between 
known and unknown quantities, but it must not be thought that 
^ any analogy is intended to be pointed out by this fact. When we 
are discussing a problem in which both constants and variables 
appear we usually do not care whether the constants are known 
or unknown. 

2, Definition. When a variable in passing from one value to 
another passes through all intermediate values it is called a 
continuous variable; when it does not pass through all intermed- 
iate values it is called a discontinuous variable. 

3, Definition. When a variable so changes in value as to 
approach nearer and nearer some constant quantity which it can 
never equal, yet from which it may be made to differ by an 
amount as small as we please, this constant is called the Limit of 
the variable. 

4. Illustrations. If a point move along a line AH, .starting 

A li 

at A and moving in such a wav that the first second the point 
moves one-half the distance from A to B, the second second one- 
half the remaining distance, the third second one-half the distance 
which still remains, and so on ; then the distance from A to the 
moving point is a variable whose limit is the distance Ali. For, 
no matter how long the point has been moving, there is still some 
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distance remaining between it and the point B, so that the dis- 
tance from A to the moving point can never equal AB, but as the 
moving point can be brought as near as we please to B, its dis- 
tance from A can be made to differ from the distance AB by an 
amount as small as we please. 

Thus we see that the distance from A to the moving point ful- 
fills all the requirements of the definition of a variable, and the 
distance AR all the requirements of the definition of a limit. 

The student must note that it is not the point B that is the 
limit of the moving point, although the moving point approaches 
the point B, but it is the distance AB. that is the limit of the 
distanre from A to the moving point. 

If we call the distance the point moves the first second i (then 
of course the whole distance AB would be 2), the distance trav- 
ersed the second second would be \, that traversed the third second 
would be \, and so on, and the entire distance from A to the 
moving point at the end of n seconds would be the sum of « 
terms of the series 

I, i, T. n. tV' ■ ■ • 

Now it is sure that the more terms of this series that are taken 
the less does the sum differ from 2 ; but the sum can never equal 
2, Hence we say that the limit of the sum of the series 

i + HI+HtV- - ■ 

as the number of terms is indefinitely increased is 2. 

Again consider any regular polygon inscribed in a circle, and 
then join the vertices with the middle points of the arcs subtend- 
ing the sides, thus forming another regular inscribed polygon of 
double the number of sides. From iliis polygon form another oi 
double its number of sides and so on. Now the polygon is always 
ifithin the circle, and hence the area of the polygon can never 
equal the area of the circle, but as the process of doubling the 
number of side.s is continued, the less does the area of the poly- 
gon differ from the area of the circle. Hence, we say that the 
limit of the area of the polygon is the area of the circle. 

Again as a straight line is the shortest distance between two 
points, any side of the inscribed polygon is less than the sub- 
tended arc, hence the sum of all the sides or the perimeter of the 
polygon is less than the sum of all the subfended arcs or the cir- 
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cumference of the circle, or in other words the perimeter of the 
polygon can never equal the circumference of the circle, but as 
the process of doubling the number of sides is continued, the 
perimeter of the polygon differs less and less from the circumfer- 
ence of the circle, hence the circumference of the circle is the 
limit of the perimeter of the inscribed polygon. 

5. The student should not infer from what has been said that 
all variables have limits. In fact, the truth is quite the contrary, 
for most variables do not have limits. Thus, in the illustration of 
the moving point given above, the variable does not have a limit 
if we suppose the point to move at a uniform rate. For, if the 
velocity is uniform, it is a mere question of time until the moving 
'^YOX. passes B, or, in fact, any other point to the right of 5, how- 
ever remote. Much more would this be true if the point moved 
with increasing instead of uniform velocity. 

Again, consider the fraction 

.r -f I 

If .r be supposed to change in value, the value of the fraction 
changes and is itself a variable. Now suppose x to decrease in 
value. It is plain ^^X. the value of the fraction increases without 
limit as x decreases. In other words, the value of the fraction can 
be made as large as we please by taking x small enough. Hence, 
as X decreases, the value of the fraction has no limit. 

6. It follows immediately from the definition of a variable. 
that the difference between a variable and its limit is a variable 
■whose limit is scro. 

For if j; be a variable whose limit is a, then x may be made to 
differ from a by as small a quantity as we please, hence a—x may 
be made as small as we please; yet as x can never equal a, a~x 
can never equal zero, hence a—x is a variable, whose limit is zero. 

7. Theorem, /f two variables are always equal and each 
approaches a limit, the limits must be equal. 

IfiX. x and J' be the. variables, and let limit -r=<i and \\m.ity=b. 
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We are to prove that B=d. If a and b are not equal, suppose a 
greater than b and let 

a~'b=d 
Let a~.x=u and b—y=v. 

then a^x+u and ^=j'-|-r, 

and a—b-^d becomes by substitution, 

or (x~y)-^(t,~v)=d 

Since lim A'=a, lim w=i>'and as lim j'=d, lim v=o. or k and i- 
are each variables which can be made as small as we please, and 
hence the difference ii~v can be made as small as we please, and 
so can be made so small as not to cancel d, hence x~y would 
equal something, or x and j' would differ, which is contrary to the 
hypothesis; hence a cannot be greater than b, and in the same 
way it may be shown that b cannot be greater than a. 

Therefore a=b. 

8. Theorem, The limit of the algebraic sum of several variables 
equals (he algebraic sum of Iheir separate limits. 

\jt\ the variables be x, y. z, etc., and let lim x=a, lim v=i, 
lim z-=c, etc, , we are to prove 

lim('.v+r+^+ . . . J=('a+<^+f+ . . . ) 

L«t «— jv=« .', x=a~u, 

b~y=v .\y=b~V, 

c~z^w .'. s^c—u; 

etc., etc.; 

then -t-+_v+s+ . . . =(a+b+c+ . . )-(h + v+^,'+ . . ). 

Suppose u to be numerically tlie greatest of the quantities 
«, v, u\ . . . and suppose that there are n of these quantities. 

Now, since x may be taken so near a as to differ from it by an 
amount as small as we please, we may take x so that 



or nu <Ji, 

however small k may be. 

Then i( + ;/+a'+ . . . <h« (since u is the largest of the 

quantities u, v, rt', . , . ). Hence u + v+7v-\- . . .<^', however 

small A may be ; that is, x+y+e-i- . . . may be made to differ 

fram a+b-\-c . . , by an amount as small as we please. Hence 

limit ('.x-fj'+?+ . . . )=a + b->rc+ . . . _ , 
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.9 Theorem. The limit of a constant multiple of a variable 
equals that constant multiplied by the limit of the variable. 

\a% X be a variable and a its limit. We are to prove 
litn nx= na. 

Let a—x=ii. Then x may be taken so neat to a as to make 



however small k may be. 

hence nx may be made to differ from na by an amount as small 
as we please. Yet nx can never equal na, else r could equal a. 
Hence lim nx=^na. 

10. Theorem. The limit of the product of two variables equals 
the produet of their limits. 

With the same notation as in Art 7 we are to prove that 
lim xy=ab. 
xy=(a-u)(h-v)=a6-av-bn + uv 
=.ab-(av^bu-uv). 
Since lim v=o, lim av=o. 

and as lim a=o, lim bu=o, 

and since u and :■ are each as small as we please and the product 
smaller than either, lim uv^o. And since the limit of each teno 
oi av+bu—uv is zero, the limit of the algebraic sum of all three 
tenns is zero. Hence xy may be made to differ from ab by an 
amount as small as we please ; hence lim xy^ab. 

11, Theorem. The limit of the product of any number of var- 
iables is equal to the product of their limits. 

With the same notation as before we are to prove 

lim (xy2 . . . J=abc , . . 
We have already proved that 

hm xy=ab, 
and we may consider xy a single variable and ah Us Utnit ; th,eu 
by the last article 

]ini (Xy.s)^ab.c, 
qr \iT^xy3-'r=a^^, 
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and now xj-z may be considered a single variable and abc its 
limit, and a repetition of the application of the theorem of the last 
article would show that the limit of the product of /our variables 
equals the product of their limits, and evidently this reasoning 
could be carried as far as we wish. 

12, Theorem. Tie limit of the quotient of two variables equals 
the quotient of theit limits. 
With the same notation as before, we are to prove that 

.. X a 

lim —i=-r- 

Let -=y, then x^qy. 

.'. lim jr=Iim (qy)=\\vci q. lim^y; 

.-. X\xaq=-. =r- 

lim y b 

(3. Theorem. The limit of the reciprocal of a variable equals 
the reciprocal of its limit. 
.With the same notation as before, we are to prove that 

We know that ~-x'=x., 

X 

hence lim — .r' =lim ji-=s=a. 

But lim -.r'l="Um - .lira .r" 



hence 

hence lim 



.•.i™|i)-«, 



14, Theorem. The limit of any power of a variable equals thai 
power of the limit of the variable. 

With the same notation as before, we are to'prove 
lim x"=a'', 
n being any commensurable number either positive or negative, 
integral or fractional. 
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First. ' When w is a positive integer. If in Art. 1 1 we let y, 
z, etc., each equal .r then b, c, etc., will each equal a, and hence 

\\Ta(xxx . . . )=^aaa ... 
or lim jr"=ii". 

Second. When « i.s a positive fraction, say . 

Let -r-=^, I'l; 

then -t— >''. (i) 

hence by Art. 7 a=¥, (^} 

where b is the limit oiy; hence 

*="'- a; 

Fromri; x^=y\ (^) 

hence by Art. 7 lini jt' =lim _)■''=*', (t) 

But from ^4^ b'-^a" , 

hence lim;r'=a'; 

therefore the theorem is true for any positive exponent whether 

integral or fractional. 

Third. Let m be a negative quantity either integral or frac- 
tional, say n=—s, then x~'-= — \ therefore 
x' 

hence the theorem is true for any commensurable exponents. 

INCOMMENSURABLE POWERS. 

15. In Chapter II we have found that whatever commensur- 
able numbers are represented by « and r then 

»-.»'-»•" (a) 

(„-r-a- (ij 

«■+«--«— _ (c) 

but no meaning has yet been given to quantities with incommen- 
surable indices. 

The quantity raised to a power is called the Base. In Chapter 
II, the base was either positive or negative, but the present dis- 
cussion is confined to the case where the ba,se is positive. 
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A power of a given base may have more than one value, as for 

instance, ("25^ ==±5, but any comniensit fable power of a base has 
ainovs; its values one which is positive. 

For any integral power of a positive base is evidently positive, 
and any roiit of a positive base has among its values one which is 
positive, and since ajay power of this root is positive so any posi- 
tive or a^^'dXwK. fractional power of a positive base has among its 
values one which is positive, and as a negative power of a base is 
the reciprocal of a positive power of the same base, any negative 
fractiotial power of a positive base has among its values one which 
is positive. This positive value is all that is considered in the 
present discussion. So that whenever we deal with a quantity 
like a' in the present chapter, both a and a' are positive. These 
restrictions must not be lost sight of 

16, Theorem. If x and y are any two commensurable 
numbers where y is greater than x, then a' is greater than a' if a is 
greater than unity, and a^ is less than a' if a is less than unity. 

First Case, When a is greater than unity. 

and since y^x, y—x is positive, and therefore a'~' is greater than 
unity, for a positive power or root of a quantity greater than unity 
is itself greater than unity. 

Hence, a' -i-a' > i 

hence a'";>a' . 

Second Case. Where a is less than unity. 

As before a* -i-a' =a^~' 

and (^~'<ii, for a positive power or root of a quantity less than 
unity is itself less than unity. 

Therefore a' -v-a" < i 

and hence a'' <a' . 

Therefore if a is greater than unity, the greater x is the greater 
is a" , or in other words, if a is greater than unity, a' increases as 
X increases, and if a is less than unity, a* decreases as x increases. 

17, Consider a quantity y intermediate in value between x 
and y, then if a is greater than unity a' <a* <<t' , and if a is less 
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than unity «'"-«'>«', so whether a is greater or less than unity, 
a' is intermediate between a' and a'. 

Now consider x and _>< variables, but always commensucable, 
and let x increase and_j' decrease, and suppose them to approach 
the same incommensurable limit n. As x and^ are commensur- 
able, a'and a" have definite meanings, and as x ^wAy approach 
equality, (one increasing -and the other decreasing), a' and a" also 
approach equality, or in other words there is some quantity be- 
tween a' and a' from which each of these quantities may be made 
to differ by an amount as small as we please. 

But a' and a' can never become equal, since x and y cannot 
become equal, hence each of these quantities approaches the same 
limit. 

Since we have now proved that both a'and a' approach a limit, 
as .r and y themselves approach a limit, we may if we choose 
neglect _y and a* and fix our attention upon x and a' remembering, 
however, that x varies just as it varied before, and hence just as 
before a ' approaches a limit and indeed the same limit. 

This limit we will represent by a" , Thus we have a meaning 
for a" where « is incommensurable, viz: it is the limit approached 
by a' {x being commensurable) as x approaches a limit n, 

18. Extension of Formula (a) of Chapter II to Incom- 
MENSVKABLE INDICES. 

So long as .1" and y are commensurable we know that 

I,et x approach an incommensurable limit «, and y approach an 
incommensurable limit r. 

Then x-^y approaches a limit H+r which is usually incom- 
mensurable, but may possibly be commensurable. Also a' ap- 
proaches a limit a" . a" approaches a limit a' and d''-* approaches a 
hmit a"' '. 

Now in equation (i) the left-band member is one variable, and 
the right-hand member is another which is equal to the first. 
Hence, Art. 7, lim a'a'=\\m a'". 

But the left-hand member is the product of two variables, hence 
bj- Art. 10, lim (a'a" )^\i\n a' lim a' or lim fa' u' )=a"a'' , hence 
u'a'^a"". 
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19. Extension of F'oRMur.A (bj ok Chapter ri ■ 

COMMENSURABLE INDICES. 

With the same notation as in the previous articli 
lim (a' y=\im a"' 



hence 

and by Art. 7 

Let a-=« + «'aad a 
an amount as small a 



; have 
(I) 
(2) 
lim «-=«"■ (3) 

i X may be made to differ from its limit u by 
i we please, « may be made as small as we 
please, or the limit of tt is itero. 

Now, by Art. 17, (a' y = (a"^- y = (a" a" y 
and because _j' is commensurable 

(a'-a''y = (a"y(a")>=(a-ya-\ 
Substitute in (4) and we get 

(a- )■-(,•}• a". 
hence tim (a' y=\m\ \_(ti" ya^'^ Art. 7, 



and lim [(a"ya''']=hm (a" y lii 

therefore Hni ("«' ^ =lira (a" y\\m a"' 

But since y approaclies r, theiefore 

lim i-«->-=,r«-r. 

and because « approaches o and y approach^ 
approaches o, therefore 

lim «'■ =a"=i. 



Art. I 



(+) 

(5) 

(6) 
(7) 
(8) 
(<» 



(10) 
ind hence uy 



(II) 



Substitute for tlie right-hand member of (^9) the values found in 
(10) and (11) and we get 

lira f«-/ =(''■";'. (12) 

Substitute for the two sides of equation {2) the values found in 
(12) and (3) respectively and we obtain 
(a-y=a"\ 

20. Extension of Formula (c) of Chaitek II, To In- 
commensurable Indices. 

With the same notation as in the two previous articles we have 

Since lim x=n and Iimj'=r, 

lim (x—y)=n—r 
and lim a' =a" , lim a\=a' 

and lim a''~^=a'~'. 
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P'rom (0 lim (a'' -i-a'' J^lim a'~~^hy Art. 7. 

But lini (a' -r-tr' _J=lini a' -i-lim a' =a" -i-a'' , 
and lim a'~'=a'—. 

therefore a" -r-a' =a"-'. 

21, It is also easy to see that where « is iiicommensurable 

and ^ = ||] 

For let a and i be two bases and x a variable which remain.s 
commensurable, but approaches an incommen.surable limit ft, then 

Hence lim a'^'^lim (ab)' by Art. 7. 

But lim a'*'=.lim a'lim f =a" (f . 
and \\m(abr^(ai}\ 

hence a''b''=(aby . 

Again °-|^| 

henc '"»lF|-iiS*=-*- 

and lim - ! = J 



22. Examples of Limits. In the following examples an 

expression like , \ , .[-is to be read: Uie limit of\- — —it 

as It approaches a as a limit. The symbol ^ stands for the 
word a 



,. Find '■"■'']'-'+*/-'■ I 
« , ol // J 

limit ( (x + hy~x'\_ limit j x'-Vihx—h'- 

a;: ot "i~A; o t h 

limit ( , ,1 
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.. Find 'r'l r } 
J. Find ';r^{^-3f } 

_. , limit I (x+A)'—x'} 
^. , limit f^'+i ) 

23. Limit of the Sum of a Drcreasing Geometrical 
Progression as n InxreasKS. It was noticed in Chapter VIII 
that if the ratio of a geometrical progression is less than unity, 
each term of the series is necessarily less than the one preceding 
it. In this case the series i.s called a decreasing; progression. 

Ill the case of a decreasing geometrical progression, it is a little 
better to WTite the expression for the .sum of the series in the form: 

Now if we like we may consider « a variable, and then the 
two sides of thi.s equation are two variables that are always 
equal. Therefore, their limits are equal. Whence we may write 

lim J as « increases= lim { ' - —las h increases. 

Now since r\s le.ss than i, the term r" continually approaches 
the limit o as h increases. Whence taking the limit of the right 
hand member of the equation, we may write : * 

lim s as n increases=i 

24. Examples. 

I. Find the limit of the progres.sion r-3333 + /' as w increases. 
Here '^=^1 and ''=tV- 

Whence, lim j=-= ^ =.f 

Therefore, lim .3333+ = 3. 
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2. Find the limit of the progression-^+ J-+i + ^+ etc., a 
n increases. 

S- Find the limit of .272727+ as « 

4. Find the limit of .279279279+ e 

5. Find the limit of the sum of i— n^+yV— ti+ ^^c, as n 
increases. 

6. Find the' limit of the sum ofv'8 + V4+V2+V 1 + 
as n increases. 

25. Theorem. The limit of the sum of the series i+r+r' + 
r^+r'+ etc., as r decreases and n increases is i. 
In the equation 

lira s= 
the expression- will of course have different values for difierent 
values of r. Hence we may, if we choose, look upon this expres- 
sion as a variable. But as r approaches o as a limit the fraction 

approaches a as a limit. Therefore we may say that in a decreas- 
ing geometrical progression as the number of terms increases with- 
out limit, and as the ratio approaches zero as a limit, the sum 
approaches a as a limit. 

In particular, then, if a=i and if the number of terms in- 
creases without limit, and the ratio approaches zero as a limit, the 

1 + '-+/^+ . . . 
approaches 1 as a limit. 

26- Theorem. The limit of the series 

A„+A,.jr+AX+A,.r'+ . . . , 
as the number of terms increases without limit and as x approaches 
zero, is A,, 

Take the series first without the A^, and suppose K to be a 
positive quantity numerically equal to the greatest of the co- 
efficients A,, A,, Aj, . . . Then 

A,-v+A.-r+A,-r^+ . . . numerically <K('x+Ji-' +.*:'+ . , ; 
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By Art. 25 the limit of i+x+x'+ , . . , as the number of 
terms increases and as x approaches zero, equals i. Therefore, 

lim (x+x'+x'+ . . . ;=o 
and consequently 

lim K(x+A-+x^+ . . . }=o. 
That is to say, the right member of the inequality above can 
be made as near zero as we please. Therefore since the left mem- 
ber of the inequality is always numerically less than the right 
member, the left member can be made to approach zero as near as 
we please. Hence, 

lim (A^x+Ax-'+A^x<+ . . . J=o. 
That is lim ("A^+A.^'-f AX+A,.rH . - - ;=A,. 
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CHAPTER XIT. 

UNDETERMINED COEFFICENTS. 

1. We know that -=x+a, and if we integralize this we 

obtain an equation of the second degree, but an equation of a 
different kind from those treated in Chapters IV and V, for the 
equations previously treated under the name quadratics Were 
shown in Chapter V, Art. 9 to have two roots, and only two; that 
is, it was shown that there were two and only two values of the 
unknown quantity wliich would satisfy the equation ; but here 
we have an equation of the second degree which can be satisfied 
by any value whatever of x. 

The reason is that when the equation is in the integral fonn we 
have exactly the same function of x on each side of the sigp of 
equality. 

2. Theorem. If two fundions of x of the n th degree, 
A„+A,;ir+ . . . +A„.r" a«rf B,+B,;r+ . . . ■^'Q„x" , are equal 
foreveryvalue of x, then the coefficients of like powers of x on the two 
sides of the sign of equality are equal each to each. 

If the two functions are equal for every value of x. we have 
A„+A,.*:+ . . . +A„x"=B„+B,j:+ . . . +B„a-", (i) 
and since this equation is true for any value of x, we may con- 
sider ;c as a variable, varying in any way we please. 

Then if we consider x to approach a limit, each side of the 
equation is a variable which approaches a limit, and we have two 
variables which are always equal, and each approaches a limit, 
hence by Chapter XI, Art. 7 the limits are equal. Suppose x to 
approach zero as a limit then 

limit of A^+A,4.-+ . , . +A,jr"=A^ 
and limit of B^+B,a-+ . . . +B„:»"'=B„, 

hence A„=B„ by Chap. XI, Art. 7. (2) 

Subtracting A^ from the left side and B^ from the right side of 
(\) we get 

A,.v+AX+ . . . +A„.r"=B,;«r+B^.<-'+ . . . +B,^-- (i) 
Divide ('3J by x and we have 

A,+A,.v+ . . - +A,X""'=B, + E,.r+ . . . +B,.x'— (a,) 
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Again let x approach zero as a limit, then 

limit of A,+A,:t-+ . , , +A„a-"-"=A„ 
limit of B, + B,^+ . . . +B„-r"-=B,, 
therefore A,= B, by Chap. XI, Art. 7. (5) 

Subtracting A, from the left side and B, from the right side of 
(4) we get 

A^x+A^x'+ . . . +A„x'^'=B,x+B^x'+ . . . +'S.x"-' (6) 
Divide (6) by x and we have 

A,+A3X+ . . . +A„x'-'==B^+B^x+ . . . +B..X'-'. (7) 
Then in same way as in the two preceding instances it follows 
that A^=B, 

and by continuing the process we get 



Therefore if the two functions are equal for all values of x, the 
coefficients of like powers of x in the two functions are equal 
each to each. 

3. Equations of the kind just considered, which are satisfied 
by any value of x are often called Identical equations, while those 
with which algebra has most to do, those satisfied \,y particular 
values of x equal in number to the degree of the equation, are 
often called Conditional equations. 

4". Definitions. A Series is a succession of terms each of 
which is derived from one or more of the preceding ones by a 
fixed law. An Infinite Series is one inwhich the number of terms 
is unlimited. 

An infinite series is Convergent if the sum of the first n terms 
approaches a hmit as n increases without limit. 

An infinite series is Divergent if the sum of the first n terms 
does not approach a limit as n increases without limit. 

The series 1 +.r+.r'+ ... is convergent if x is less than unity, 
but divergent if x is equal to or greater than unity. 

5. Theorem. If for every value of x jvhick fnakes each of the 
two series A^+A^x+ , . . and B^-+B^x-\- . . . convergent these 
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iwo series approach the SAME limit as the number of terms increases 
7vilhout limit, then the coefficients of like powers of x in the two series 
are equal each to each. 

Since we are dealing with the limit of convergent series as the 
number of terms increases without limit, we know that by taking 
a sufficient number of terms the sum of the terms taken may be 
made to (^ffer from the limit of the sum by an amount as small as 
we please. 

Let us then write 
limit (A„+A,;i:+A,jr'+ . . . +A„_,;c''-+ . . . ) 

=A„+A,.t+AX+ ■ ■ ■ +A„_,;r"-+R,x", 
where R,jr" is of course the difference between the limit oi the sum 
as the number of terms increases without limit and the actual sum 
of the first n terms. 

A^, A,, . . . A,_, are each constant, but R, is not constant, 
for if it were the series would terminate. In fact R,jir" approaches 
zero as n increases, for if it did not the series would not be 
convergent. An inspection of the series shows that every term 
after the first contains x, every term after the second contains x^, 
every term after the third contains x^, and so on ; hence every 
term after the ;;th will contain the factor xf', and so it is natural 
to assume the remainder after « terms are written to be of the 
form R,a-. 

Instead of writing limit of A^+A,jir+ ... as the number of 
terms increases without limit we write 

A„4-A^jt+A,.r'+ . . , A„^,.*"-' + R,.T" 
and in the same way write 

B„+B,.r+B^.i-'+ . . . +B„_,.v"-+R,-r" 
instead of writing limit of B^+B^-V+B^jr" . , . as the number of 
terms increases without limit. 

Using this notation we may write 
A„+A,.v+ . . . +A„_,.v'^'+R,.T" 

= B^+B,;(-+ . . . +B„_,.v"- + R,ji:'. (\) 

If now we consider x as a variable approaching zero we have 
here two variables which are always equal, and therefore by 
Chapter IX, Art. 7, their limits are equal. By Chapter IX, 
Art. 26, the limit of left-hand member equals A^ and the limit 
of the right-hand member equals B„; hence A^=B^, 
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Subtract A^ from the left-hand member and B„ from the right- 
hand member of ("i^ and we get 

A,-r+A,jc'+ . . . +R^x"=^Bx+BX+ . . . +R,-v" (2J 
Divide both members of ("2^ by x and we get 
A,+A"x+ . . +A„_,.v''-"+R,-r"- 

=B.+B,ji"+ . . . +R^-'. (i) 
As before, we have two variables always equal, hence theii 
limits are equal. 

But as .r approaches zero the limit of the right-hand member 
equals A, and the limit of the left-hand member equals B,. 
Hence, by Chapter XI, Art. 7. 

A=B,. 

Repeating the reasoning, we may show successively that 

A=B„ 

Aj=-B,, 

etc. 

6. The theorem of the last article will enable us to change the 
form of a function. 

The method of doing this consists in assuming a function of 
the required form with unknown coefficients and then determin- 
ing the coefficients so that the function assumed shall be identical 
with the function proposed. The unknown coefficients are deter- 
mined bj' placing the proposed function equal to the assumed 
function, reducing to the rational integral form, and equating the 
coefficients of like powers of the variables on the two sides of the 
equation. 

If the proposed function can be placed in the assumed form it 
will be found that there are as many independent compatible 
equations as there are unknown quantities to determine. 

7 . Definition. A function is said to be Developed or Ex- 
panded when it is expressed in the form of a series, the sum of 
whose terms when the number of terms of the series is limited, 
and the limit of the sum when the number of terms is unlimited, 
equals the given function. 

8. The development of functions is one of the most common 
applications of the method described in Article 6. The proces.s 
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is usually referred to as the method of undetermined coefficients. 
We will illustrate the method by working an example. 

Let us develope the fraction 
Assume 

^ -=A„+A,.*:+A,-r"+ . . . +A.„,-v"-'+Ra-". (\) 

Multiply both sides of (i) by i— x and we get 
i=A„+rA,-AJ.T+rA,-A„V+ . . . 

+ ('A„_i-A„-j>--'+fR-A„.,;-r"— R;c"-'. 

We see that the left hand member contains no power of x ex- 
cept the zero power, or, in other words, in the left hand member, 
the coeificients of the various powers of x except the zero power 
are each zero. Hence equating coefficients we get 

A-A„=o.-. A=A„. 

A,-A=o.-. A,=A,. 

A^-A=o.-. A=A„ 

etc. , etc. 

From these equations the law of the series is so evident that 

we can write as many more equations as we please without further 

calculation. 

We thus see from the second column of equations that each 
coefficient equals the preceding one, and as the coefficient of x', 
or the absolute term, equals i ; therefore each of the other coeffi- 
cients equals I. Hence we obtain 

—- = i-(-A-t- A" +:«:'+.*-+ . . . 
I— -f 

As we usually determine only a few of the coefficients, and then 

discover if we can the law of the series, so it is usual in the 

assumed series with undetermined coeificients to write only a few 

terms and indicate the others including the remainder by dots 

thus: 

-^- =A,-f A,jr+AX+A,.r'4- . . . 

Instead of using the method of undetermined coefficients we 
might have proceeded by ordinary long division as follows; 
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Here as before we obtain 

^ = I +.r+-r=+.v<+-t-'+ . . . 
i—jr 

This series on the right side of the sign of equality is conver- 
gent if ;c<i, but not otherwise, and therefore this series cannot 

be called the development of unless .v is less than unity. 

See Art. 7. When x is equal to or greater than unity the fraction 

cannot be developed. 

9. Examples. Develope the following fractions both by the 
method of undetermined coefficients and by actual division, and 
in each case discover the law of the series. 

Also in each case state for what values of x the series is a 'rue 
development. 

.. ■+-•-. 7. -^"tK 

1—x I — 2.r-|-3.r' 

-'■ a-x- ■^- i+2x+ix- 

■ .. -+^-\ o _5£,t7.-. 

^ i + x ^ 3_^+2^-' 

\ I — 2A-+3X'' ■ 3 — 4^:"+ 2X'' 

Compare the laws of the series in the developments of the frac- 
tions in examples i and 4 ; also compare the laws of the series 
in examples 5 and 7 : also in examples 9 and 10. 
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Query : What controls the law of the series in the develop- 
ment of a fraction ? 

Query : How does the numerator affect the development of a 
fraction in the fomi of a series ? 

Query -. What would the results to examples 7 and 8 suggest 
about the development of fractions which are reciprocals ? 

10. It sometimes happens when we try to develope a fraction 
by the method explained that some of the equations are absurd 
or contradict one another. 

The reason of this is because the fraction cannot be developed 
into a series of the form assumed. Thus if we try to develope 

- — - we assume 

^=A„ + A,-V + A^:l^ + A,A:'-fA,A-'+ . . . 

Multiply by x—x' and we get 

i = AXA,AJ-*"+l'A,A,>'+ ... 



But the first of these equations is false, so we consider that 
the function cannot be developed into a series of the assumed 
form. 

But we note the denominator of the given fraction contains a 

factor X. and that hence the fraction proposed equals - ■ , the ■ 

second factor of which has already been developed. 

From this we would infer that the development of , could 

be obtained from the development of by dividing everj' term 

in that development by x. 
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Hence -=x ^ + i+x+x'+x'+. . . 

x—x" 

and we would obtain this veiy result if should assume 
- ' =a,x-'+A,+A,:i-+Aa-'+. . . 

X—X" ° 115 

or in other words if we begi7i the assumed series with a term con- 
taining X~'' instead of beginning with an absolute temi. If the 
fraction we wish to develope is in its lowest tenns, and if the 
lowest power of x that appears in the denominator is the rth 
power then we must begin our assumed series with a teirii con- 
taining x~'. 

This is a safe rule whether the fraction is in its lowest terms or 
not, but it is not always necessary when the fraction is not in its 
lowest terms. 

In any case when we form an equation by putting a given frac- 
tion on the left and an assumed series on the right side of the sign 
of equality, the assumed series must begin with such a power of 
X that when the equation is integralized the lowest power of x on 
the right side of the equation will be as low as the lowest power 
on the left side. 



II. Examples. 



Develope 



x'+ix^ 
x+zx' 

~xf'^ 2X^' 



12. Not only fractions but some irrational expressions may be 
developed by the method of undetermined coefficients. 

I,et us develope n,/ i — x. 
Assume 

»/\-'X=P^^-irKx-\-\x'+A^x^-\-A.^x'-\-A^x^+ . . . 
Square each side and we get 
i-;r=A„-|-2A„A,x-|-(2A„A,-|-A,=)A-'-|-(2A^A^-l-2A,A>-' 

+ (2A,A^-J-2A,A,+A/)-r'-|-(2A„A^-|-2A,A^-|-2A,A,K-l- . . 
Equating coefficients of like powers of x we get _ 
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A„-i. 
2AA=->. 

2A„A^+A."=«o. 
2A„A^+2A,A^=o, 
2A„A. + 2 A,A^ + A/= o, 
2A„A^+2A,A_+2A,Aj=o, 
2A>^+2A,A5+2A^A^+A/=o, 
etc. 
From these we get 



2A, ' 
2A.A ^ +A.' 

' 2A^ ' 

2A A + 2A A 

A,™ --; -~, 

2AA,+2AA,+A' 
A = — -'- — ■ ■ > -'-, 

2A„ 

•etc. 
From these the law of the series can be seen. 
Taking these equations in order, we find the numerical value 
of the undetermined coefficients to be as follows : 

A.-i, A, i, A. i, A. V„ A. ,J„ 

A;^ ITITi A5= TTTT- 

Making these substitutions in the assumed development, we 
obtain 

vr-a_,-f- 



X X' X' S-T* ■JX' 2ia* 

2 8 i6 ijS 256 1024 
13. Examples. 

I " C 

1. Develope . 1 1 + 2 x— ■ 

2. Develope ^x+x". 

J, Develope (i-f-x)^. 
A— 20 
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14. It is interesting to note that the development of an irra- 
tional expression may turn out to be a series of a limited number 
of terms. 

Suppose, for example, we wish to develope Vi — ax+jr" and 
do not recognize that \ — 2x-\-x^ is a perfect square, then assume 
as before 

Square both sides and we get 

i-2.t:-jr'=.A,-|-2AA-*'+(A; + 2AA)-'" 

-f-(2A^A^-|-2A,AjA-'-)- .... 
Equaling coefficients of like powers of x and we get 
A,=-i. 
2AA=-2 ■"■ A=-i, 
A,°-(-2A„A^=i . . A^=o, 
2A„Aj-|-2A,A,=o -■.' Aj=o, 
A^'+2A„A,+2A,A,=o .-. A,=o, 
etc. , etc. , 

and each of the subsequent coefficients will turn out to be zero, 
hence we get 

Vi — 2-*-f-A"'=i— ^. 
15. In developing irrational expressions it sometimes happens 
that we should begin our assumed development with some negative 
power of X. 

An iti5p2ctio:i of th2 p:op3iad example will show with what 
pDWsr of X the developmsnt should begin ; for the assumed series 
must be such that, when the equation obtained by putting the 
given function equal to the assumed series is reduced to the 
rational integral form, then the lowest power of x on the side 
which contains the undetermined coefficients must be as low as 
the lowest power on the other .side of the equation. 

Thus, to develope .fi + i^ we would begin the assumed series 

with a term containing x", for when this is squared the lowest 
power of X is x~' and when both sides are multiplied by jf 
to reduce to the integral form Ihett the series on the right side of 
the equation will begin with an absolute term as it should. 
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16. If we wish to develope the algebraic sum of two or more 
radicals it is best to develope each one by itself and then find the 
algebraic sum of the results. 

17. Examples. 

1. Develope ^ I —■ . 

2. Develope 



J-^- 



3. Develope Vi + 4-*'+6jr'+6-r'+5x'+2jr=+jr'. 

4. Develope J'^"+2.r+3+^_ + -^. 
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CHAPTER XIII. 

DERIVATIVES. 

I. I^OTATION. ' A definition of a function of a quantity was 
given in I, Art. i. To designate a function of x we use the 
notation yi'j.J. 

A function of a quantity is denoted by writing the quantity in 
a parenthesis and writing the letter forFor some other func- 
tional symbol before the parenthesis, e. g. 

/(xj, F(x), f\(x) denote functions of x, 

f(y)^ P(y)-fSy) denote functions of ^, 

f(x-^h). F(x+h)./'(x+k} denote functions oix-\-h, 

/(<'}■, P(<^)^f'X^) denote functions of a. 

The student must be careful not to look upon the expression 
f(x) as meaning /times 'x. The symbol y" as used here is not a 
quantity at all, but simply an abbreviation for the words 
ptnction of. 

It frequently happens that in the same discussion we wish to 
refer to different functions of x, in which case we use different 
functional symbols, as F(x),f(x),/Jx),/,(x), F„(x), etc. 

It also frequently happens that in the same discussion we wish 
to refer to the same function of different quantities, in which case 
we use the same functional symbol before the parenthesis but dif- 
ferent quantities within the parenthesis, e. g. \i f(x) denotes 
.r'+i then /fa; denotes a'-k-i, f(z) denotes 2^ + 1, etc., and if 
F(x) denotes v'.*^+3 then F(y) denotes Vj'+3, F(x-Vh) de- 
notes sf x+h^-^, etc. 

A function of two quantities is any expression in which both of 
the quantities appear. 

If we have to deal with a function of two quantities, say x and 
y, we use tlie notation /fx, y) or F(x, y), and if, in the same dis- 
cussion, we wish to speak of two or more functions of x and y, 
different functional symbols are used, ^sf^(x,y),f„(x,y}, etc. 
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2, In such an expression as _/['-r, j-J the two quantities x and' 
y are entirely unrestricted in value and independent of each 
other ; but if we have an equation like f(x, y)=o, then x and y 
are to some extent restricted ; any value may indeed be given to 
one of the quantities but then the equation fixes the value of the 
other, or in other words, either one of the quantities x or y de- 
pends upon the other one ; e. g., \i /(x,y) stands for x—y-\-2 
then when this is not put equal to anything there is no relation 
between x and y. We may let x='t, and y=^ or 7 or 10 or any 
other number. But if we put this same function equal to zero, 
then there is some relation between x and y and they are to some 
extent restricted in value. We may let x=^, but then y=^ and ■ 
nothing but 5. 

3. If the equation F(x, yj^^o can be solved for_j', we can ex- 
press y in terms of x, or y can be determined as a function of x. 
If we thus determine _>- we \ixv^y=f(x). 

In this equation, ^=/i';ir^, we may look upon ;i: as a variable, 
and of course if x varies^ will also vary. We may consider x to 
vary in any way we please, but then the equation determines the 
way in which y varies. For the reason just stated x is called the 
independent variable, and y, which is a function of x, is called the 
dependent variable. 

4-, In the equation ^v™/!*-*^ J if a value be given to x then _>" will 
have some corresponding value, and if j: be given another value 
different from the first one then y will have some value different 
from the one it had at first. Moreover, the amount by which y 
thus changes in value will depend in some way upon the amount 
by which x changes, or in other words, there is some relation 
connecting the change in value of y with the change in value of 
x. This relation we wilt examine, and it will be found to be a 
very important relation in all that follows, 

5. Suppose f(x) to stand for 2^+4, then putting this equal to 
y we have ...■■■ 

y-ixJri,. 
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Let us now give to r a series of values, sav the successive in- 
tegers from I to lo, and in each case compute the corresponding 
value of 1'. The results may be expressed in the form 
J' I 6 8 lo 12 14 16 18 20 22 24 

•»^ I I 2 3 4 5 6 7 8 9 10 
where any number in the tower line is one of the vahies of .v and 
the number immediately above it is the corresponding value of^'. 
If x= 2 the corresponding value ofj' is 8, 
and if x== 10 the corresponding value ofj' is 24, 
and if ^ be considered to increase from 2 to 10 then at the same 
time y will increase from 8 to 24, or, starting at -V=2, if x in- 
crease by 8, y will increase by 16, or if the increase of x is 8, the 
corresponding increase of _>' is 16. 

Still starting at ^=2, let us increase x by various amounts and 
determine the corresponding increase of y. 
The results may, be arranged in the form 

increase of _)' I 16 14 12 10 8 6 4 2 

increase oi x \ % 7 6 54321 

We might have started with some other value of x than 2 and 

have obtained similar results. In every obser\-ed case we see 

that the increase of j- is ju5t twice the increase of x, or in every 

.observed case 

increase of y 
increase of x 
It is easy to see that this is necessarily the case whatever the 
value of x with which we start and whatever the amount by 
which X is increased, for if x increases by any amount, 2x will 
increase by just twice that amount and the change in the value 
of X does not afifect the 4, therefore 2.ir-|-4, or y, will increase 
twice as much as x increases, or 



6. Notation. In what follows we deal largely with equa- 
tions formed by putting _>■ equal to a function of j:, and as we will 
make extensive use of the increase in the value of ;i- and the cor- 
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responding increase in the value of y it is well to have a conven- 
ient notation by which these amounts of increase are denoted. So 
in future we will use Jjt to denote the increase in the value of ;ir 
and J V to denote the corresponding increase in the value of y. 

In this notation the fraction at the end of Art. 5 would be 
written 

The student is cautioned not to think of J.r as being J times 
X, for the symbol -J as here used does not stand for a quantity at 
all, but simply for the words increase of. 

7. Let us now consider the equation 

y^x-^i. 
In this equation give x the successive integer values from —3 
to 7 and compute the corresponding values of y. We may ar- 
range the results as in Art. 5, 

^ I 10 5 2 I 2 5 10 17 26 37 50 
A- I -3 -2 —I o I 2 3 4 5 6 7 
If-c=i the corresponding value of/ is 2, and if-r=7 the cor- 
responding value of y is 50, and if j; be supposed to increase 
from I to 7, at the same time y will increase from 2 to 50, or 
starting at x= i , if x increase by 6 then y will increase by 48, or 
when J.r=6, Jy='48. 

Still starting at x=i, let us give to ^x various values and de- 
termine the corresponding values of Jy. 
The results may be arranged in the form 

Ay^ I 48 35 24 15 8 3 
4 3 

'v 

- is not always the same 
~.x 

as it was in Art. 5, but at one time it is -V. or 8, at another time 

it is-V", or 7, etc. 

As can be seen 1 

cessively the values 8, 7, 6, 5, 4, 3 as ^x takes [the successive 
values 6, 5, 4, 3, 2, i. 

We now give to x values intermediate between i and 2 and 
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compute the corresponding values of y. The results may be 
arranged in the form 

y I 2 2.O0OO2O0O0I 2,00020001 2.002001 2.0201 2.21 

X I I I.OOOOI 1. 0001 1. 001 l.OI I.I 

As before, let us start at x^ i and give to Ja" various fractional 
values and determine the corresponding values of 4y- 
The results may be arranged as before in the form 

■iy I .21 .0201 .002001 .00020001 .000Q20000I 

JjT I .1 .01 .001 .0001 .00001 

An examination of this scheme shows that 



when J.v=.oi, then 



■^y .0201 



when Jx=.oooi, then -, 

Jjt ,0001 

, , -, — r .00002Cwi>w. 

when Jjr=.ooooi, then -=-= =2.00001 

■ix .00001 



Jj)'_.00200I_ 

Jx .001 
J_7_. 0002000 1 
Jjt ,0001 
Jr .0000200001 

From the first part of the Article it appears that --^ is a var- 
iable, and from what we have just obtained it further appears 



nearer and nearer the value 2, or in other words, it appears that 

the fraction — - approaches 2, i. e. 2 times i , as Jx approaches zero. 

In obtaining the result it is to be noticed that we consider x to in- 
crease/rorn the value i, but if we let .r increase by various amounts, 
beginning to count the increase in x from the value 2, reasoning 
exactly as we have just done would lead to the conclusion that 



'hes 4, i. e. 2 times 2, as J;r approaches zero. 
Again, if we begin to count the increase in x from the value 3 
we would be led to the conclusion that -j~ approaches 6, /. e. 2 
times 3, as -^x approaches zero. 

DigmzeflbyGoOgle 
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8. In general, if a be taken as the value of x from which we be- 
gin to count the increase of x we would judge from analogy that the 

Jv 
fraction —^ approaches 2a as Jx approaches zero, or, using the 

notation of Chapter XI, Art. 22, 

limit (Jjc) 

This we will now prove. 

Since j^=x'+i, (i) 

whatever value be assigned to x the equation w^ill enable us to 
compute the corresponding value of jy. 

First, let x=a and represent the correspond ing^ value of ^ by 
*, then />=a'+i. (2) 

Now let x=a + Jx 

and represent the corresponding value of ^ by i+Jj'j then from 
equation (1) we get 

i+Jy=(a-hJxr+i. {3) 

or simplifying, 

. i,+Jv=a-+2aJx+(Jx}'+i. (4) 

Subtract (2) from (4J and we get 

■ Jj'=2aJx+(Jxr. (5) 

Divide (5) by Jx and we obtain 

^-M+Jx. (6) 

As -Jx varies, of course the. the two sides of equation (6) are 
variables, and, indeed, they are two variables that are always 
equal, and as -Jx approaches zero these two variables each ap- 
proach a limit. 

Hence by Chapter XI, Art. 7, their limits must be equal. 



The„.„„ j^^li^: 
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9. Definition. The value of the fraction -^ when that frac- 
Jx 

tion is constant, or the limit of the fraction -p as Jx approaches 

zero when that fraction is a variable, is called the Derivative of y 
with respect to x, and is represented by the notation D^j, where _»- 
is a function of x. 
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lO. The general method of finding the derivative of_y with re- 
spect to X is that used in Art. 8, viz : give to x some value, say 
a, and find the corresponding value of _y, then give to jr a new 
value, a + Jx, and again find the corresponding value of _j'. Sub- 
tract the first of the equations thus obtained from the second and 
we have the value of -Jj'. 

Jy 
Divide both sides by Jx and we have the value of -=-. 

■^x 

Then finally find the limit of this fraction as -ix approaches 
zero. 

I), We will-now exemplify the method in a few examples. 
/■'irsi. Find D.^j- when j'^nx'+^. (i) 

Let x^a and represent the corresponding value of ^ by # and 

we get . i=4a' + 5. (2} 

Now let:r=ti+ Jjt and the corresponding value of j- will be the 
value d plus the amount by which _/ has been increased, or d+ Jy, 
hence 6+Jj'=4(a + JxJ'+s. (3) 

Expanding, d+Jj-~4a'+8aJx+4(Jx)'+s. (4) 

Subtract (2) from (4) and we get 

Jj'=~8aJx+4(Jx)'. (5) 

Divide ($) by Jx and we obtain 

^=»a+4(Jx).^ (6) 

Taking the limit of each side as Jx approaches zero we get 
limit fJ^( 

or T),j=8a. (8) 

Second. Find D,_j' when ^j=f.r''+tf. (i) 
I^t jt— o and represent the corresponding value of j' by d, then 

d^ai'+e. (3) 
Now let x^a-t- Jx and we get 

l,+ Jj,^c(a+Jx)'+e, (3) 
or expanding, 

i>+Jy=^ca'+2acJx+c(Jx)'+e. (4) 
Subtract (7) from (4) and we get 

Jj'^2acJx+c(Jx)'. (5) 
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Divide both sides of (5} by Jx and we get 

-£'-'2a£+cJx. (6) 

Taking the limit of each side as -ix approaches zero and we get 
limit (Jv) , ^ 

or D.j'^2ac. (8) 

TAirtf. Find D,,y when _y=cx'+ex+/. (i) 

Let x^a and represent the corresponding value of _>- by i and 

we get l=ca'+ea+/. (2) 

Now let x^a + Jx and we get 

i+Jj;^c(a + Jx)'+e(a + JxJ+/, (3) 

■ or expanding and arranging, 

/>+Jj'=ca'+ga+/+(2ac+e)Jx+c(Jx)'. (4) 

Subtract (2) from {^) and we 'get 

Jj'=(2ai^+e)Jx+c(^xr. (5) 

Divide both sides by -'.r and we get 



= 2ac+£+cJx. (6) 

Taking the limit of each side as Jx approaches zero we get 

(7) 
D,j=^2ac+e. (8) 



limit f-Jj'\_ 



(2. In what precedes ^ix has always been considered positive, 
but -^x may be negative, in which case x is increased by a nega- 
tive quantity, or is really diminished, so it may be more proper to 
call Jx the change in the rahic of x than to call it the amount by 
which X has been increased. Either way of speaking is proper 
provided we understand that the increase may be negative. In 
any case Jx is the amount that must be added to one value of x 
to give another value of x, and if the second value is greater than 
the first the amount added will be negative. 

The same remark applies to -y. 
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13. Examples. By the method already explained and illus- 
trated find the derivative of the following expressions, supposing 
in each case that a is the value of x from which the increase of x 
is counted : 

1. 3.r+2. 5. cx\ 

2. 3-r"+2.*-. 6. c(x-^\f. 

3. (x-^i)(x-¥ii). 7- ^■ 

4. (x+c}\ 8. s/'x. 

14. Extension of Mkaning of D,^. 
In Art. 10 we found that when 

when y=cx'-\-e, T>,y^7ac 

and when y=cx'+ex+/, T>,y=2ac+e 

In each case Ji.y is of course a constant as it should be by the 
definition in Art. 9, where \i,y is defined to be a limit, and the 
limit of a variable is by definition a constant. 

In each case here noticed D,_j' is a constant whose value de- 
pends upon the value a from which we begin to count the increase 
of X, or, as we may say, D^y is a function of a, while in Art, 5 
D,^ was a constant which does not depend upon a. 

In any case D.y is either a function of a or it is independent 
of a, and when it is a function of a the a is the value from which 
we begin to count the increase of x. 

Now, as we may begin to count the increase from any value of 
X, a is of course any value of x, and so we may represen" it by 
X instead of a and relieve Tf.y from being a constant, or in 
other words, wherever D^y was a function of a by the original 
definition we regard it now and hereafter as the same function of 
X that, by the original definition, it was of a. 

15. Let us now work out a case that was worked in Art. 1 1, 
using X now where a was used before. 

Take ^'=4-'^+5- (0 

If we write x + Jx in place of jtr and therefore _y+Jj' in place of 
y we have 

y+Jy=^4(x+Jxr+5. (2) 
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Expand ing, 

y+-Sy=^+&xJx+4(Jxr+s. (3) 

Subtract C^) from (2,) and we obtain 

Jj'=^8xJx+i(Jxr. (4) 

Divide both sides of ("4^ by Jx and we get 

^=8jr+4J_r. (5) 

Taking the limit of each side as Jx approaches zero we get 

or D,^=S^. (7) 

We notice that the result is exactly the same as equation (S) 

in the first example under Art. 10, except that x appears here 

where a appeared before. 

We will hereafter proceed as we have just done and will usually 

find D, y as a function of x, but occasionally, as in Art. 5, D,_>' 

will turn out to be a constant. 

16. Derivative of a Constant. 

Let_j'=a constant, then as x does not appear in the expression 
fori', j: maybe changed at pleasure and the change does not affect 
_>', or Jx may have any value whatever, but Jy is always zero. 
Jy 
Hence -f~™o, 

Jx 

therefore D,.i'=o. 

17. To FIND THE Derivative with Resect to x of thb 
Algebraic Sum of two Functions of x. 

Let one function of x be represented by u and the other by v, 
and let their sum be represented by_i'; then 

J-U+,: (,) 

When X is increased by Jx suppose that u is increased by J«, 
V is increased by Jv and y is increased by Jy, then after x is 
increased by Jx we have 

y+Jy=u+Ju + z'+Jv. (2) 

Subtract (1) from (2) and we get 

Jy=Ju+Jv.. (-3 J 
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Di^'ide both sides of (i) by Jx and we get 

Jy Jk Jji 



limit (Jr) limit (Jw» , limit i Ji' i , , 



Taking the limit of each side of (^) as Jx approaches zero we get 
limit J^j;) 

Jx ; oij;j;"= 

or D,^=D,a + D,i'. 

In the same way li ys=u—v we would get 

Y>.y=I>,u-D,v. 
The result may be expressed thus : 

The derivative of the algebraic sum of two Junctions of x equals 
the algebraic sum 0/ their separate derivatives. 

18. To FIND THE Derivative with Respect to a" of the 
Algebraic Sum of any Number of Functions of x. 

Let there be any number of functions of x represented by w, v, 
w, etc., and let their sum be represented by_y; then we have 

J'^U + V + W+ ... (i) 

Increase x by the amount Jx and suppose that n, t, re, etc, 
are increased bj- the amounts Jh, Jv, Jw, etc., respectively and/ 
is increased by Jy, then we have after x is thus increased 

y^Jy=,n + Ju+v-\-Jv+w+Jn-\- ... (2) 

Subtract (i) from (2) and we get 

Jv=J» + Ji'+Jte'+ . . '. . (7.) 

Divide both sides of d) by Jx and we have 

t-t+il-^7A ■ ■ ■ '*' 

Taking the limit of both sides of (4) as Jx approaches zero we 
have 

D,0'=D,i-+D.,t'+D,K'+ ... ^5; 

If some of the signs in ("ij had been negative the same process 
could have been applied and the result would have had negative 
signs in the same positions as they appeared in the original 
functions. 

The result may be expressed thus : 

The derivative of the algebraic sum of several functions of x equals 
the algebraic sum of their separate derivatives. 
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19. exampi.bs. 

Find the derivative with respect to x of the following ex- 
pressions : 

1. 2^'+ 4^ + -''. #■ A' + 3A- + 2. 

2. x'-i-x'+x+i. J. x'-x+i. 
S. -r'-i. 6. x'+i. 

20- To FIND THE Derivative with Respect to x of the 
Product op two Functions of x. 

Let K and v be the two functions of x, and let r be their prod- 
uct, then we have 

j~uv. (i) 

Now increase x by -ix and suppose the corresponding aniountt 
by which _y, «, and v respectively increase are -J_]', J«, and -iv, 
then we have 

jy+Jj-^Cu + JuXv+Jr). (2) 

Expanding (2) vi& get 

y-{.Jy=uv+uM'+vAu-^AuM\ (z) 

or jy+Jy=^uv+uJv+(v+Jv)JH. (4) 

Subtract fi) from (4) and we get 

Jy=uJv-\'(v+Jv)Mi. (^) 

Divide both sides of C5J by -^x and we get 

Taking the limit of each side of (6), remembering that the last 
terra of the right-hand member is the product of two quantities, 
hence its limit equals the product of their separate limits, and 
that -if approaches zero as Jx approaches zero, hence the limit of 
v-\-Jv=z\ we get 

iimit ( 



T),y=uY),v-\-vD,.u. (^) 



21. To FIND THE Derivative of the Product of any 
Number of Functions of x. 

First, take three functions of x, say it, v, and »■, and let y be 
their product, then we have 

y=uvw. (I) 
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Let vw=v', then j'=wi^, and hence 

D.j'=v''D,u + uT),t/. (2) 

Bnt 'D,v'=wD,v+vD,zf, ('3J 

hence by substitution in (3} we have 

D^ys^vTvD.u + «jcD,r+ uvD,zf. (i^) 

Now if we had any number of functions of x, say w, r, ic, . . . 
and if we \t.ty be their product we have 

y-u„^! ... (,j 

Let the product of ail the functions after the first be represented 
by a single letter, that is, let 

then y=- «'/. 

Find D,_;' as the product of two functions. Then 

D^_y=r'D,w+«D,i''. (2) 

Find D,w' by letting v'=xiv/ . where ttf represents the product 

Substitute the value thus found in (2). The result will con- 
tain one term involving D,;(/. 

Find the derivative by considering li^ to be the product of t-wo 
factors. 

Continue this process until finally we reach the product of the 
last two factors of the expression with which we started. 

The result may be stated thus : 

The derivative with respect to x of the product of any number of 
functions is equal to the sum of all the products obtained by multi- 
plying the derivative of each factor by the product of all the other 
factors. 

If the equation here described be divided through by the prod- 
uct of all the given functions, the result may be represented in 
quite a convenient' form, viz ; 

y u XI w s 

22. Examples. 

Find the derivative with respect to x of the following expres- 
sions without performing the multiplications indicated : 
/. (x-'r\)(x-'r'2) compare with example 4, Art. 19. 
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2. (x'—x+i)(x+i) compare with example 6, Art. ig. 
J. (x'+x+i)(x—i) compare with example 3, Art, 19, 
^. (x'+i)(x'+ax+l>). 

23. To FIND •the Derivative with Respect to ;c of the 
Quotient of two Functions of x. 

Let u and v be the given functions of .v, and let^j- be their quo- 
tient, then we have 

From (i), by multiplying by v, we get 

. u=vy, (2} 

hence D,k « vD^y+^D.v, f' 3/ 

or D,«=i'D,^+-D,;'. , (4} 

Multiply both sides by v and we get 

vD,u^v'B,j-+uV,v. (-5/ 

Transposing and dividing by Tf we get 

D,j— - (6) 

Expressed in words this is 

TAe derivative of a fraction equals the denominator into the deriv- 
ative of the numerator minus the memerator info the deHvative of 
the denominator all divided by the square of the denominator. 

24. Examples. 

Find the derivative with respect to x of the following ex- 
pressions : 

/. compare with example 5, Art, 19. 

x'— 6x'+ 1 i-i'— 6 



- compare with example 4, Art. iq. 



.r-— I 

>+i" 
x-V\_ 
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25. To FIND THE Derivative with Respect to a^ of a 
Function of Another Function of x. 

Siippase V is some function of 2, and s is some function of x. 
then ultimately j- is a function of -t. hence it has a derivative 
with respect to x. 

But as V is directly a function of z it has a derivative with re- 
spect to s. 

Moreover, as ? is a function of a it has a derivative with respect 



(•> 



We have identically 

Jy Jj- Jz 
Jx Jz Xv' 

Taking the limit of each side as Jx approaches zero, remem- 
T)ering that the limit of the product of two variables equals the 
product of their limits, we have 

limit ( Jj' 1 limit ( Jy ( limit ^ Jz ) . . 

-J-f :^o\j^\=Jx-o\j-z\ -J*- o ^ Ji ( ('^ 

Now ? being a function of x we may write 

and if x be increased by Jx we have 

z+Jz~/(x+Jx), 
and from this it is evident that, as Jx approaches zero, J2 must 
also approach zero. Hence 

limit ( Jy) limit ( J1O , , 

-1^-: o(j^l = J3; oXSzl '■'''' 

Substitute from ("s/in (2) and we have 

limit <Jj') limit ( Jj- 1 limit \ Js ) , , 

-^-^'■'.o[-j:,\=Jz-:o[y,\ ■ J.*;o(j^) ^4; 

The left-hand member of (^) is T),y. the first factor of the 
right-hand member is D,y, for it is just the same as the left -hand 
member except that z everywhere takes the place of x; and the 
second factor of the right-hand member is I) , z. 

Hence D^jj-^D..^. D^t. (^) 

liy=z' and 2=;t^ + 2, then 

D._)'=23 and D^=2x, 
Hence by equation (^) 
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It is easy to see that this result is correct, for in the equatioiu 

j'=z', substitute the value of z and we have 

Hence D,.»'=4-r'+8^. 

26. Examples. 

Find the derivative with re.spect to .v of the following ex- 
pressions : 

/. (.x'^-ax+b)\ 

2. (x--^^r^-i(jr^i). 

3. (x->rar-Vi(x-^a). 

4. |'2^+3/+5l'2-v+3J + 4- 

5. (x'-^^x+2)'~^{x-+zx-^2) + ^. 

6. 2(x'~i)^+^(x'~ir+(:^-~i). 

27. To FIND THE Derivative WITH Respect to ^- op anv 
Positive Integral Power of x. 

Let .l=x". (\> 

Give to X the vahie x+ -ix and we get 

y-\.Jy=(x+axr. (X} 

Expanding the right-hand member of (1) we get 

_V+J,,=.v" + «a-"-Jx-|-"'''J~'''_t"-Y-'-v/+ . . . +rJ.vr. (z) 

Subtract (\) from (■t,) and we get 

j„_,„-.j,j-"^''-'-',--^ 



d we get 



IJivkle both sides of (^) by -'.r and we get 

JX ^ \2 

Taking the limit of each side as -'x approaches zero we have 

T>^y=»x"-'. (6} 

Reasoning exactly as above we could show that when y^ax', 

ii,j'=»ax"-. 
This formula may be expressed in words thus — 
Tfif derivative ivith respect to x of ax" is found by mvltipiyiiig^ 
the exponent by the roeffieient and rediicitig (lie exponent i. 
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It is to be noticed that this formula applies to the derivative 
lyith respect to j; of a power of x. Of course any other letter be- 
sides I could be used to denote a variable. 

Thus, when_>'=as", D.j—KaE""'. 

But we must be careful not to use this formula to find the de- 
rivative with respect to some quantity, of a power of some o/A^fr 
^juantity, or,'in other words, in order to be able to use this form- 
ula the quantity which is raised to a power must be same as that 
with respect to which the derivative is taken. 

28. To FIND THE Derivative with Respect to x of any 
JJbcative Integral Power of x. 
J-el j,=x-"=l,. (i) 

SinrpHfying, remembering that the derivative of a constant is 
:zerB, we get 

i>^^=— "J."-'— «■»■"-'■ (z) 

Tt TBay be objected to this method that we have used the fbrm- 
iula for the derivative of a fraction whose numerator is i when 
■that ifarmula supposed that numerator and denominator were 
«ach functions of x. 

We may then take y=^ ^^, 

and now use the formula of Art. 23 and we get as before 
D,.v=— M-r— -. 
It easily follows that if 

Here, as in Art. 27. in order to use the formula the quantity 
laised to a power must be the same as the one with respect to 
Twhich the derivative is taken. 

We may express this formula in words thus — ■ 

The derivalive with respect to x of ax~' is found by tnultiplying 
ihc exponent by the coefficient and reducing the exponent i. 
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29. To FIND THE DKRIVATIVE WITH RESPECT TO ;ir OF A. 

Fractional Power of x. 



Let 




3=X' 




ri; 


and let 




y=!f=X'. 




f«; 


Then 




T>,y='D,j. 'D.z. Art. 25. 




(-3; 


But 




n.y^q^-'. 




(■4; 


hence 




D.y^^qz'-. D,?. 




■ (;) 


But from (2) 




H,y=px^\ 




(6) 


hence from (5, 


1 and (6) 


qz'~\ Vi^=px'-\ 




(1) 


Divide by gs', 


which is 


the same as qx*, and we 


g=l 


(») 



Multiply the left membei by z and the right member by x' , 
which is the equal of a, and we obtain 

1 
The same reasoning would show that \i y^ax^ , then 

? 

Hence, as in the two preceding articles, the result is obtained 
iy multiplying the exponent by the coefficient and reducing the ex- 
ponent i. 

30. Examples. 

Find the derivative with respect to x of the following expres- 
sions : 

/. (x''-X+l) + 2(x'--X+\). 



N*+i 
Vx'+i 
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Va+-r 

(a-lrx)".(b+xr. 
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1. A definition of a series was given in XII, Art, 4, and it was 
there noticed that infinite series are divided into the two classes 
of convergent and divergent. Convergent series have definite 
limits as the number of terms is increased without limit, but from 
their nature divergent series are'wholly indefinite, and hence it is 
not safe to use divergent series or to base any reasoning upon ihem. 

In all that follows, and indeed in all that precedes, it is to be 
understood wherever infinite series are used that the results hold 
as long as all the series used or obtained are convei^ent. 

In many cases a series is convergent or divergent according to 
the value of some letter in the series, and it is always understood 
in such cases that the letter concerned is limited to those values 
which make the series convergent, and no inference is to be 
drawn for any other value. 

It would be fortunate if some simple and universal criterion 
were known whereby we might determine whether any given 
series is convergent or divergent, but unfortunately no such cri- 
terion has been found. There are, however, some cases in which 
we can determine whether a series is con\'ergent or divergent and 
we give a few of these. 

2. L^t the terms of a series be represented by «,, u^. u^, etc., 
in each case the subscript being the same as the number of the 
term; and let R, be the remainder after the first term, R, the re- 
mainder after the second term, R^ the remainder after the third 
term, etc.; in each case the remainder after any number of terms 
are taken is represented bj- R with a subscript equal to the num- 
ber of terms already taken; and further let the sum of any number 
of terms be represented by S with a subscript equal to the num- 
ber of terms taken, i. e. the sum of two terms will be represented 
by S,, the sum of three terms by S,, and so on. 



iflbyGoeK^K 



184 Algebra. 

3. With the notation just explained, the sura of a series which 
has a limited number of terms will be represented by S,+R„ 
whether ^ is i or 2 or 3 or any other number not exceeding the 
whole number of terms of the series. 

In an infinite convergent series S„ approaches a limit as n in- 
creases without limit, and the value of this limit is 

S, + R„ 
where q is any positive whole number whatever. It is easy to 
see in this case that R„; o as « increases without limit. 

In an infinite divergent series- S^ does not approach any limit 
neither does R,, approach any limit, and S,-|-R^. has no definite 
value at all. 

4. It is evident that a series cannot be convergent unless after 

a certain number of terms are taken the successive terms grow 
smaller and smaller, or, in other words, unless «,; o as n in- 
creases without limit. But while this is necessary it is not suf- 
cient, for a series may be. divergent and still m„^ o as n increases 
without limit. 

Take for example the series 

i + f+i + -i+ ■ ■ - 
' where the Mth term is -, which evidently approaches zero as w 

increases without limit. 

If this series be grouped thus : 

i+i+a+i)+(i+HKi) 

+ (i + TV + T'T + TV + TV + T'T + TV + TV}+ ■ ■ • 

then in no group is the sura less than \ and as there are an un- 
limited njimber of groups, the series evidently does not approach 
any limit; but increases without lirait as the nuraber of terms in- 
creases without lirait, therefore the series is divergent, 

5. Theorem. A series, all of whose terms are positive, is diver- 
gent if nUn does not approach zero as n increases without limit. 

Since all the terras are positive, nu„ is positive, and since km. 
does not approach zero, we may take r a quantity so near zero 

that nu.>r, then «„> -. 
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Similarily, »„■. 
Hence 



■>'-U+„+.+„+, 



But the quantities in the parenthesis form the terms of the 
series i+-j + ti+ . . . after the Kth term, and tliis latter series 
has b^^n shown to be divergent, or in other words, the quantity 
in the parenthesis increasss without hinit; and therefore 

increases without limit ; therefore the series is divergent. 

6. Theorem, ///.i? terms of a stries are aUentately povtic:: and 
negativ: ani afl:r a cjrlain nwnbsr of terms e'Xck term is tinmeri- 
cally less t'ia:i f.'i: prjccdin-r om, ani the nth term approaches zero, 
as n increases w:!h9:it limit, the serier. is foni-ergcnt. 

Let the series be 

W,-«,+W3-!<4+ . . . 

and let the series be represented by S ; then we may write either 

S=S„+r''.,,-"oJ + ('"v+8-«v-h4;+ . . . (i) 

or S=S,.,-K+.-«^.;-('«,+4-«,f,J- - - . U) 

After a certain number of terms, say k, each term is less than 
the preceding one, so if y be larger than k, each parenthesis in 
(i) and also in (,2) is positive, and therefore 
from (i.l S>S„ 

and from (2) S<S„., ,. 

Thus we see that S is intermediate in value between the two 
definite quantities S, and S^f , , which two quantities diifer 

Similarly, whatever positive whole number be represented by 
r. we get 

and S--JS,,f 5,: ,. 

Now S^a,>S, 

and S,,„s-,--S,„. 

Therefore S is intermediate in value between two quantities, 
the larger of which grows smaller and the smaller of which grows 
larger. 
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Moreover, S, j. . , and S^ j, differ by u^. .,.., i. which approaches 
zero as r increases ; therefore the two quantities between which S 
is always found approach equahty as r increases. Therefore S 
h.is a definite value, or, in other words, the series is convergent. 

7. ThhorKm. If all the terms of a scries are positive and after a 
eertain iiuitiber of terms each term is less than the one before it and 
the limit of the >tth term is tero ; then if the limit of the ratio of the 
(n-i- i)tli term to the nth term is less than I'the scries is eonrergent. 

If all the terms are positive and after a certain number of terms 
each term is less than the preceding one, then, anywhere after 
this certain number of temis, the ratio of any term to the preced- 
ing one is positive and less than i. Now, since each of these 
ratios is less than i and the limit of the ratio is less than i, we 
may take si>me quantity, k\ less than i but so near i that each 
ratio will bt less than k. 



Hence 



'</■ 



^ku 



" *<k 



<ki<. - 



<k*H:. 



Therefore 

"„:,-f"„ :■+«„:;,+ . - . <«..(k+k'+k^+ . . . ) 

or, adding m, to eadli side of the inequality, 

«„+«„ , + «„,, + «„.,+ . . . <H..(i+k+k-'-^lr'+ . . . ) 
Hut when k<\ 



f^-+x--+x-* 



I— X- 



See XII, Art. 8. 



and this is a definite quantity. 

Therefore the right-hand side of the last inequality is a definite 
nuiltiple of «,„ and ;(,, ;; o ; therefore the right-hand side of the 
last inequality approaches zero ; and as the left side is less than 
the right side and neither side can be negati\-e. therefore the left- 
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hand side of the last inequality approaches zero ; therefore the 
remainder after «— I terms approaches zero; therefore the series 
is coilvei^ent. 

8. In the theorems of the two preceding articles the student 
should note the force of the words "after a certain number of 
terms." The first few terms of a series may not give any indica- 
tion as to whether the series is convei^ent or divergent. Take. 
for example, the series 

i + zjr+3x'+4x'+5a^+ . . . 
where the r\h term is rj.''"', and suppose x=j\ ; then the succes- 
sive terms grow larger np to the ninth term, which = -«. The 

tenth term has the same value as the ninth, but every term after 
the tenth is less than the preceding one. Moreover, as « increases 
without limit, the n th term approaches zero and the ratio of the 

("w+i^th term to the «th term equals i+ \x, and this evidently 

approaches .r as a limit. Hence the series is convei^ent. 

9. Theorem. A series is convergetit if the series obtained by 
making all its terms positir.e is convergent. 

Let the limit of the sum of the positive terms be represented by 
U,, and the limit of the sum of the negative terms be represented 
by U,; then the Uniit of the sum of the .series will be U,— U,. 

Now consider a new series formed from the given series by 
making all its terms positive ; then the limit of the sum of this 
new series will be U, + U„ and as this new series is convergent by 
hypothesis, U, + U, has a definite value. Again, as U, and U^ are 
both positive and as their sum has a definite value, therefore each 
of these quantities U, and U. has a definite value, therefore their 
diflference, U,— U,. has a definite value ; therefore the series is 
convergent. 

10. Theorem, TAc series 

a^+a,x+a^x'+a^x'+ ■. . . 
is convergent ivtieti j:<i, unless a„ increases ivithout limit as fi in- 
ereaset without limit. 
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We may consider all the terms positive, for if some were nega- 
tive we could form a new series all of whose terms were positive 
and conduct the reasoning upon the new series, and if this new 
series were convergent the original series would be so by Art. g. 

Since we'may consider all the coefficients positive and since n, 
does not increase without limit we may take b, a quantity greater 
than the greate.st of the coefficients, then 

a_^-\ra^x-ira^x'-V . . . ~:,b-Ybx-\-bx'^ . . . 

But tl^e right-hand side of this inequality equals ■ -,(see XII 

Art. 8J /. c. the right-hand side has a definite value, therefore 
the left-hand side also has a definite value ; hence the series is 
con\-ergent. , 

II. Thkokhm. //"tM have given a series suck thai afler a ccyiain 
number of terms each term is less than ike corresponding term of 
some seties -which is known to be convergent, then the given scries is 
convergent. 

Let the given series be 

«. + «,+«,+«,+ ... (i) 

and let the series known to be convergent be 

", + ">+'■,+ ".+ ■ ■ - (2) 

and .-suppose each term after the rth in ( i ) to be less than the cor- 
responding term in (2). 
Since (2) is convergent, 

!V^l+^'.^2 + fV^a + ^V,^-^ . . . 
approaches a definite limit as the number of terms increases with- 
out limit, and since ?<,, 1 <?',-. 1 , «,|.i<tv^.i, «,..j>?v.:!. etc., 
therefore k,+ i +«.. ; + «.-t h + w-i4+ . . . 

approaches a definite limit as the number of terms increases with- 
out hmit. Now as the sum of the first r tenns of (i) is a definite 
quantity and the sum of the tenns after the rth approaches a def- 
inite limit, it follows that the whole series 

approaches a definite limit as the number of terms increases with- 
out limit, or in other words, the series is convergent. 
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12. Examples. Determine whether the following infinite 
series are convergent or divergent: 



for all 






. when .V and 



2.3 3-4 4.5 



.IT (.^-+iXy+i}' (x+:iXr+2) |'.v+3;Ci-+3; 
and _!■ are positive quantities. 



I 2 3 4 
2' 3' 4' 

Show that I+.V+ ^-+ '* + ^ + . 

; 2 ; 5 1 4 

\-alues of .1". 
Show that 1+ ,- + ■^ +-^ + . . 

|2 ;3 4 
all \'alues of -f. 
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TAYLOR'S FORMULA. 

(3. Taylor's formula is a very general one that enables us to 
obtain the development of a function of a binomial .v+/i arranged 
according to positive increasing powers of //. Whether the func- 
tion be integral or fractional, rational or irrational, it matters not : 
indeed a>/j- func'.ion of a binomial .v-t-^ which is capable of being 
expressed in the form of a series arranged according to positive 
increasing powers of // can lie thus expressed by means of Taj-lor's 
formula. 

Sometimes the series will be finite and sometimes (indeed 
usually] infinite, but in case the series is infinite it must be re- 
membered that the series and the function cannot be considered 
equivalent unless the series is convergent. 

Before we can take up Taylor's fonnula it is neces.sary to ex- 
plain what is meant by successive derivatives and to gi\e a theorem 
not given in the chapter on derivatives. These we now take up. 

14. Sl'CCHSSlVE Dkrivatives. If we represent a function oi x 
by/i'-t.J we may find the derivative with respect to x of this func- 
tion of .V, and, as the result is usually another function of .*■, we 
may represent it hy f'(x). Again, we may find the derivative 
with respect to .v of /'Y-vj and may represent this by f"(x). 

Thus we see that f"{x) is the deri^■ative with respect to x of 
the derivative with respect to .r oi/(x}. This is called the second 
derieative with respect to x of f(x). and is represented by the nota- 
tion DyfAj. 

We may find the derivati^'e with respect to x o{/"(x) and rep- 
resent the result by f"(x). Thus we say that f"(x) is the 
derivative with respect to x of the second derivative with respect 
to X oi /(x). This is called the third derivative with respect to x 
oif(x). and is represented by the notation Vi\f(x). and so on. 

For example, if we take ax" as the function of .!■ we start with, 
then 

Ti^x"~nax'-' 
TiUx"=Ti,nax—'=7i(n~\)ax''-' 

D>x"=D,«r«-i>-*^"-'=«r«-i;r«-2>.v"- 
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15. Examples. 

/. Find 5 successive derivatives of .v*. 

2. Find 4 successive derivatives of ^+.v'+-ir'+.v'+x+i. 

^f. Find 3 successive derivatives of ;. 

4. Find 3 successive derivatives of sf i -^-x. 

5, Find 3 successive derivatives of \/i + 2a', 

6, Find 3 successive derivatives of V i+.v'. ' 

7. Find 3 successive deri\'ati\-es of 

16. Theorem. In a fundioH oj a binomial .v+A, say f(x-\-h), 
the derivative with respect to x, when h is regarded constant, is equal 
io the derii'alire ivith respect to h uiieji x is regarded constant. 

Let i'=/i' v+A;. and let x+h=s. then 

I),.^'=D,j'.D,^. SeeXlir,Art.25,Eq.(5) 
But D,^=i. 

Hence D,_v=D=j'. (i) 

Again. li,,y=D,y. D/,i. SeeXIII, Art. 25.Eq.(5) 

But V>i,s^i. 

Hence I)„.r=D,j'- (2) 

From ( I ) and ( 2 ) it follows that 

17. Taylor's Fokmitla. We are now prepared to take up 
Taylor's formula. 

\if(x-\-h) can be developed into a series arranged according to 
positive increasing powers of h, let us assume 

/i'.i-+A;=A„+A,/;+A,A^+A/^+ ... (I) 

M'here A,. A,, A.,, etc., do not contain h, but are in general func- 
tions of X. 

Take the deriv-ative with respect to x of each side of (i) and we 
have 

D,/f.i--|-//;=D,A,+/'D.A,+.A'D,A,+//'D,A,+ ... (2) 
Also take the derivative with respect to h of each side of (i) 

Dft/rA-+/';=A. + 2A,A + 3A,A'-l-4A/'+ ... (3) 
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By Art. i6 these two cxpres.jious must be equal, therefore 
equating coefficients of like powers in (2) and (3) we get 

a,™d.,a„ U) 

2a^=d,a, .-. a^=^d.,a,= ^d;a, (5) 

3a,=d,a, .■. a=jd,.a,= ^ dja, (6) 

4A=D,.A .-. A=i-D,A = -- D?A (7) 

' ■• ' 2.3.4 " 

5A=D^, .-. A=-m.-A= ' D;'A (8) 

5 ' ! ■ J 2.3.4.5 

etc. 
Now if we make /(=o in (i) it is easy to see that A^_=/(x), 
where /("aJ means the same function of .v that the given function 
is of jr+A. or in other words, /(a-) is what the given function be- 
comes when A is put equal to zero. 

If, in (i), we .substitute /(-v) for A„, and for the coefficients of 
the various powers of A the values found in equations (4) to (8), 
we get 

.nx+/,)~/cx)+/,i)jr.^-)+^''^-Di/r.i-)+ '''' Dii/a;-!- 

This result is Taylor's formula and is often spoken of as Tay- 
lor's theorem. 

18. Application of Taylor's Formula. 
Let us develope (x+A)'' by Taylor's formula. 
Here /(x+A)=(x+/iJ': 

Therefore f(x)=x^. 

Finding the successive derivatives of x^ we get 

B,f(x)=6x\ T)-^/(x}=6.sx\ 

B^/(x}^6.5.4-^-\ D*/r.r;=6.5.4-.VV, 

B^/(x)=6.5.4.5.2X, Dl/(x)=6.5.4.i.2.i. 

T>l/(x)=o, 

and every derivative after the seventh will eciv.al ::ero. Tlierefcre 

by substitution in Taylor's formula wc get 

(x+k)^=x^->rf,x'A-if^'^x'!r+^'^'^x'k' 

2.3,4 2-.1-4-5 2-.r4-5-6 

or i'.r-|-///=.t-'+6-v=,l-|-i5.i-'^"-f-20A-V/'+i5.v=/;H6.vA'+.i-". 
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This result is seen to be the same as that obtained by a direct 
application of the Binomial formula, which of course is as it ought 
to be. 

As a second example, let us develope >s/x + h by Taylor's 
formula. 

Here /(x+h)=(x-\-k)^ . 

Therefore /(x-)=x^. 

Finding the successive derivatives of x^ we get 

l),/(x)^^x~^, ^ lil/(x}=-\.\x~'-, 

etc. 
Making the substitutions in Taylor's formula we get 

s/x-^h=x^^^x'^h-\x~'^h'+ij;x~^k'-^^,x~^-h'^ . . . 
[f in this equation we make x= 1 we get 

If in this equation we change the sign of fi we get 

Vi~/(=i— ^A— ^«=— yV'— TJir*'— ■ ■ ■ 
Compare this with the result obtained in XII, Art. 12. 

It was stated in Art. 13 that Taylor's formula could be used to 
develope an/ function of a binomial which is capable of being de- 
veloped into a series arranged according to positive increasing 
powers of one of the quantities. It is indeed a matter of substi- 
tution, but care must be taken that the substitution be such that 
the development obtained is arranged according to positive in- 
creasing powers of the proper quantity. 

If, for example, we wish to develope ^x+i into a series ar- 
ranged according to positive increasing powers of x, it might at 
first appear that, in the development of \^x+h, we could simply 
make A=i ; but this would give us a series arranged according 
to positive increasing powers of i, not x. The proper course is as 
follows : First, develope ^/ x+k according to positive increasing 
powers of A ; then in this result make x= r and we have the de- 
velopment of Vi + ^ arranged according to positive increasing 
, powers of A ; then, finally, in /Ais result, change & into x and w2 
obtain the result sought. 
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19. Binomial Theorem for any Exponent. 

Let us apply Taylor's formula to the development of (x-\-k)" 
accordiug to positive increasing powers of h, where n is either 
positive or negative, integral or fractional. 

Here, then, /(.x+k)=(x+k)". 

Therefore /(x)=x". 

Finding the successive derivatives of x" we obtain 
I>J(x)^„x-\ T>U(x)^n(n-i)x-'. 

D^J(x)=n(n-i)(n~2)x-\ G*/(x)=n(7i-i)(,i-2}(n-j,)x-'-' 

etc. 
Therefore by substituting in Taylor's formula we get 

(x+/i)''=x''-\'»-V"'''i + '^^^^~-^-x"-'lr+"-'~]^^^"~'^^x"-^k^ 

14 

Thus we arrive at the Binomial formula, where, however, the 
exponent is not restricted, as in Chapter X, to being a positive 
whole number. 

From this we see that the Binomial formula in its greatest gen- 
erality is a special case of Taylor's formula. 

The series (i) will be finite if n is a positive whole number, but 
not otherwise. 

When the series (i) is infinite it should be examined to see 
whether it is convergent or divei^ent. for values may be given to 
■ x\ /i, H, which will render the equation (i) untrue. 

For example, let jr=i, /; =— 3, and «=~2 ; then the left-hand 
member of (i) becomes (1—3)^", which equals (—2)"', which 



But tlii^ right-hand member of (1) becomes 1+6+27+108-!-. , 
a siun of positive whole numbers each greater than the one be- 
fore it, and evidently the sum does not approach \. 

20. Examples. 

7, Develope ("i— .r;~' by Taylor's formula. 
2, Develope (i—x)~'* by the Binomial fonnula. 
Compare (i) and (2) with XII, Art. 8. 
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3. 
J. Develope (i+x) by Taylor's formula. 

4. Develope (i+x)^ by the Binomial formula. 
Compare (t,) and {^) with XII, Art. 13, Ex. 3. 

5. Develope fi— jjit^^ by the Binomial formula. 

6. Develope (a—jx)~^ by the Binomial formula. 

7. Develope (c'+jf) ^ according to positive increa.sing 
powers of X by Taylor's formula. 

S. Develope (c'+x') ^ according to positive increasing 
powers of cby Taylor's formula. 

p. Develope (£^+x') * according to positive increasing 
powers oi X by the Binomial fomiula. 

10. Develope (c'+x'') according to positive increasing 
powers of c by the Binomial formula, 

//. Find the first negative term in the development of 
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CHAPTER XV. 

LOGARITHMS. 

I. After the extension of the theor>- of indices in Chapter XI so 
as to embrace incommensurable exponents, we are enabled to give 
an interpretation to the expression 

for all iTOssible values of x, integral or fractional, com men.su rable 
or incommensurable. Since x appears in this expression in such 
an unrestricted form it is common to speak of the expression as an 
exponential ftivdion of x, intending to call attention thereby to the 
fact that X may be considered a continuous variable as in any 
ordinary algebraic function. 
If in the equation 

we a.ssume x to pass from one extreme of the algebraic scale to 
the other, taking in everj' possible value, then we are able to give 
a meaning to this equation in two variable ; because for every pos- 
sible value of X, a', that is, y, has a definite meaning and value. 

In this connection it must be remembered that we are using a 
and a' under the restrictions mentioned in XI, Art. 15. So that 
w/icn ive speak of a' we mean that a is a positive number, and by the 
value of a' we mean that one of its values which is positive. Hence 
in the equation «'=_r we are'to think of but one value of _)< re- 
sulting when any particular value is assigned to x. Thus in 
io*'*=i'we are to understand _i'™ + ^'' 10 and not_i'= — t'lo or any 
other possible value of _t. 

Of course the very restrictions just mentioned prevent y from 
having a negative value. Moreover, it is not evident that y can 
have every pasitive value we please. For example, is it not plain 
that a value of x exists which .satisfies the equation 10'=-. In 
general, while it is easy to see that in the equation 

a'=y 
there always exists a value of y for any value assigned to x, it is 
far from evident that there exlsts'a value of x corresponding to 
every value which may be assigned to y. Whence the nece.ssity 
for the following theorems. 
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2. Theorem. The expression a' can be made lo differ from 1 
iy hss than any assigned quaniity if x be sufficiently increased. 

Suppose it be required to increase x so that 

a^<i^d, (1) 

where rfstands for an assigned positive number. Then we must have 

(i+dj'>a. (2) 

or, bj- the binomial theorem, 

,+^^+'5/^:~Vrf-+ .,.>«. (2,) 

It is easy to see that i +xd can always he made greater than a. 
however small d may be. Much more, then, will the left member 
of (t,) be greater than a. In fact, the inequalitj' 

i+xd>a 
will hold if xd>a—i, 

or if ^ ,->•=-■. 

Hence to make a ' less than i + d take 

'>-7- 

Example: Find a" such that io'<i.oooi. 
Here rf=.oooi and a=io ; whence 

x'> , or goooo. 

.0001 . 

3, Theorem. The expression a' is a continuous function of x. 
Suppose a'^-=y and let x take on any increase, s, and suppose 

the corresponding value oi y bej'+/, so that 

«'-'=J'+/. (i) 

We are to prove that as x passes continuously from x to x-^s 
that y passes continuously from y to y+l; that is, as x changes 
from X to x~\-s by passing over every intermediate value that y 
changes from 1' Xa y-^t by passing over every intermediate value. 
The equation a" '=i'+/ may be written 

a'a'^y^t. (2) 

and since a'=j', this may be written 

«■«■-«•+(, . rsJ 

or <i-(a--i)-l. M 
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Now, by the last theorem, by taking j small enough a' may be 
made to differ froni i by an amount as small as we please. Hence 
in equation (e,) t may be made as small as we please by taking s 
small enough. That is, the difference between two successive 
values of a' can be made as small as we please. Therefore it is a 
continuous function of x. 

4. It follows directly from the above theorem thaX/orevfjy 
positive value which may be assigned to y in the equation a^=y, a 
corresponding value of x exists which u-tll satisfy the equation. 

For the last article shows that as .v is increased continuously 
from the value o without limit that j' increases continuously from 
the value i without limit. That is. y may have every value 
greater than i. It is also seen that as .v is decreased continuously 
from the value o without limit that^y decreases continuously from 
the value i. That is, y may have every fractional value. 

The above shows that if any value be assigned to _(• in the equa- 
tion a'=7 that a value of x exists which will satisfj- it, but it 
does not explain how to find that value. Thus it does not show 
how to find x in the equation io'=5. The method of finding this 
will be explained later. 

5. Definitions. In the equation a'=y, where a is some 
chosen positive number not i ; 

The constant quantity a is called the Base. 

The quantity y is called- the Exponential of -i" to the base a. 

The quantity x is called the Logarithm of y to the base a, and 
is written x=\(y^ny. 

The use of the word logarithm may be kept in mind by remem- 
bering this sentence : In the equation a'-^y, x is called the Ex- 
ponent oiW\^ power of a or the Logarithm of v- 

Of course the two equafions 

<^'=y (i) 

x-^log^y (2) 

express the same truth respecting the relation between x and y. 
The second equation uses the logarithmic notation and is always 
to be interpreted by means of the first equation. 

If in the equation a'=y, where a is some positive number not 
I, different values be assigned to yaxiA the corresponding values 
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of ^ be computed and tabulated, the results constitute a Sysfcm of 
Logarithms. 

Since anj- positive value except i may be chosen for the base 
a, the number of different possible systems of logarithms is un- 
limited. In fact, however, only two systems have ever been 
tabulated ; the Natural or Naperian or Hyperbolic System, whose 
base is approximately 3.7182818 + , and the Common or Briggs' 
System, whose base is 10. 

The Naperian logarithms of all numbers from i to 20,000 have 
been computed to 27 places of decimals. The common logar- ■ 
ithms of alt numbers from i to over 200,000 have been found. 
They are usually printed to seven decimal places, but they have 
been computed to many more. 

The great value of a table of logarithms is the immense amount 
of labor which can be saved by its use in multiplication, division, 
evolution, or involution of numbers, as will be explained here- 
after. 

5. Ex.\MPLEs. Write the following equations, using the log- 
arithmic notation : 



5. .6-=2. ,.. .o'^S-^-j.. 

6. 10"=!. ij. e^=a. 

7. io~^=.ooi. 14. IO*"**'=2. 
Express the following, using the exponential notation : 

^5- l'>g„(^')=— -3333+ /?. Iog,i024=io. 

16. 'Iog,^4=. 602060 20. 10geC=I. 

i-j. log,^ioooo=4. 21. \ogi,b''=b. 

^*- 'og,„ooooi = — 5- 22. \og,.a=B. 

6. PKOi^ERTiES OF Logarithms. Inasmuch as logarithms 
are merel}' the exponents of a fixed base, the properties of logar- 
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ithms are entirely dependent upon the properties of exponents in 
general, which have already been established. 

Among the fundamental properties of logarithms are these : 



The logarithm in any system of the base itself it 


■!.■ 




For 




a'=a, 








that is, 




log««=i. 








The logarilht 


n of unity 


in all systems ii 


to. 






For 




a°=i, ■ 








that is, 




log«i=o. 








Negative nu>. 


tiers have 


}io logarithms. 








For in the equation a' 


=y, a is positiv 


e by supposition 


1 and \>y 


the value of a' 


we mean 


that one of its 


values ' 


which is 


positive. 



Hence _y cannot be negative. See Art. i. 

If we understand the same system of logarithms to be used 
throughout, then the following four theorems hold. 

7. Theorem. The logarithm of tiie product of several numbers 
equals the sum of the logat ithms of the separate Jactors. 

Let n and r be any two positive numbers and let 

logu«=-i' and logi,/'=£. (\) 

Then, by the definition of a logarithm, 

n=a' and r=a'. 
Multiplying these equations together, member by member. 

That is, log:,nr=x+^. 

or, from (i). log„K^=log„«+loguy-. (a) 

111 the same way. if log„j=!<, then 

That is, logu«/-.s=Iog„« + !ogur+log„J. 

8. Theorem. The logarithm of the quotient of tico numbers 
equals the logarithm of the dividend minus the logarithm of the 
divisor. 

Let K and r be any two. positive numbers and let 

logn«=jr and log„r=:. (\) 

Then, by definition, n=-a'' and r=a' . 
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Consequently ■■=— ;='i'~'i 

Therefore, by definition, 

or, by equation (i), 

log„ j " j =log«K— logsf-. (6) 

9, Theorem. T^e logarithm of a power of a number is equal 
to the logarithm of the number multiplied by the exponent of the 
power. 

Let n be any number, and let ]oga«=A*, Then, by definition, 

Consequently n^=a'". 

Therefore, by definition, \Q^^r^=px. 

That is, logaw'^/ loga«. (c) 

10, Theorem. The logarithm of any root of a number is equal 
to the logarithm of the number divided by the index of the root. 

Let « be any number, and let logi,«==jr. Then, by definition, 

Consequently V«=(i * . 

Therefore, by definition, 

]og„(V«)=^. 

That is. \o^jy n)=°'^'''\ (d) 

. ? 

11, Theorem. If several numbers are in geometrical progression, 
their logarithms are in arithmetical progression. 

Let the numbers which are in geometrical progression be rep- 
resented by 

Then their logarithms to the base a form the series 

log„K, ]og,.K+log„^ log„?/ + 2 log,,/-, log„w + 3log„>-, . . . 
which is an arithmetical progression with the common difference 
equal to Xog^r. 
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12. Examples. In these examples and in all the following 
pages the Common I.ogaiithm is designated by the symbol log 
instead of log,^. Hence when no subscript appears we are to un- 
derstand that the base is lo. 

/. log (i888X476-J-i492)=log i888+log 476— log 1492. 

2. log [V789X(^iT¥)^]=ilog 789 + 5 log 239—5 log 930- 

J. log ---—-= what? 

[ V 10 J 
/. logb(c'dc-i-/i-»i)=v/ha.tf 
j. logi,{A*^'i^i7(^')=what? 



Iog(.-^-:J-,-=what? 

log"J^;^!=what? 

log(,d''=what? 

Prove log„(Iogi,S'')=log„^. 



13. Characteristic and Mantissa. For reasons which will 
appear later the common logarithm of a number is always writ- 
ten so that it .shall consist of a positive decimal part less than 1 
and an integral part which may be either positive or negative. 
Thus the common logarithm of .0256 is really —1.59 176, since 

But instead of writing 

log.o256= — 1.59176 
we write the equivalent equation 

log .0255= — 2 + . 40824, 

or, as is the universal custom, with the minus sign over the z, 

log .0256=2.40824 

The minus sign over the 2 shows that 2 is alone affected ; that 

is, the decimal fraction following it is positive. T/ie student must 

ahi-ays take especial caic to correctly interpret this method of notation. 

When the logarithm of a number is arranged so that it consists 

of a positive decimal part less than 1 and an integral part either 
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positive or negative, special names are given to each part. The 
positive or negative integral part is called the Characteristic of the 
logarithm. The positive decimal part is called the Mantissa. 

14. The following table is self-explanatory: 

lo' =10000, whence log 10000=4 



■ 1000, 


■' log 1000: 


:IOO, 


■• log 100= 


■10. 


'■ log IO= 


= 1, 


'■ log 1=0 


M. 


■'- Iog.i = - 



IO~°=.OI, ■' log .01 = — 2 ' 

.io~'=.ooi, " log .001 = — 3 

io~'=.oooi, " log .0001 = — 4 
Here we observe that as the numbers pass through the series 
loooo, 1000, 100, 10, etc., the logarithms pass through the series 
4, 3, 2, I, etc.; that is, continuous division of the number by 10 
corresponds to. a continuous subtraction of i from its logarithm. 
This can easily .be shown to hold in any case. 

15. Theorem. MuUiplying anynunibcr iiy \o increases the com- 
mon logarithm by I, and dividing any number by 10 decreases its 
common logarithm by 1 . 

Let J' be any number and x its common logarithm. Then 
log_y=x, 
or 10' =j'. 

We are to prove log ioj'=x+ r, 

and log -^-^y=x~-i. 

By formula (a). Art. 7, 

log io^=log^+!og 10. 
But log 10=1 (Art. 6) and log_;'=.r. 

Hence, substituting, log ioj'=;r+i. 
Also by formula (b). Art. 8, 

10gT'5j'=10g>'— log lO- 

That is, log ,V.y=.t — i. 
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16. Corollary. Moving the decimal point in a number one 
place to the right increases its common logarithm by i, and moving 
it one place to Ike left decreases its logarithm fy i . 

17. Corollary. The common logarithms of all numbers con- 
sisHiig of the same significant figures have the same mantissa. 

For moving the decimal point merely adds or subtracts i from 
the logarithm ; that is, merely affects the characteristic. Thus 
log 256=2,40824 



log 25.6= 
log 2.56=^ 
log .256= 
log .0256=: 
log .00256=, 



.40824 
40824 
40824 
40824 



18. Theorem. If a number has its first significant figure iti 
units' place, the characteristic of ils common logarithm is o. 

If the number has its first significant figure in units' place, the 
value of the number must lie somewhere between i and 10. But 
the logarithm of i is o and the logarithm of 10 is i. Hence the 
logarithm of the proposed number must lie somewhere between o 
and I. (Art. 3.) That is, its characteristic must be o. 

Thus log 2.56=0.4082400 

and log 9.99=0.9995655 

19. Theorem. The character istic of the common logarithm of a 
nu/kber equals the number of places the first significant figure of the 
number is removed from units' place, and is positive if the first sig- 
nificant figure stands to the left of units' place and is iiegative if it 
stands to the right of units' place. 

By the previous article, if the first significant figure stands in 
units place the characteristic is o. If the first significant figure 
stands in the «th place to the left of units place, then the char- 
acteristic of its logarithm must be a number such that it can be made 
from o by adding i to it n times. (Art. 15.) In other words, the 
characteristic must be n. 

If the first significant figure of the given number stands in the 
Mth place to the right of units place, then the characteristic of its* 
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logarithm must be a number such that it can be made by sub- 
tracting I from o « times ; that is, it must be — w. 

20. Examples. The above enables us to tell by inspection 
the characteristic of the common logarithm of any number. Thus 
the characteristic of the logarithm of 237945-834 is +5, because 
2. the first significant figure, stands in the fifth place to the left 
of units place. In the same way, the characteristic of the 1(^- 
arithm of .0007423 is —4, because 7 stands inthe fourth place to 
the right of units place. 

In determining the characteristic, care must be taken that we 
count from the units place and not from the dccima! point ; for the 
decimal point stands to the right side of units place. 

Find the characteristic of the logarithms of the following num- 
bers : 

T. 1888,119 5. 3000.0303 

2. .3724 6. .00000000849 

3. 783294.009 7. .00010000849 

4. .0084297 S. 3.00007 

, 21. Tables of Commox Logarithms, The nature of the 
work in which logarithms are to be used determines the size and 
accuracy of the tables which should be employed. For some pur- 
poses a table of the logarithms of all numbers from i to 10000, 
given to five or six decimal places, is sufficient. For many pur- 
poses a table of the logarithms of all numbers from i to looooo 
to seven decimal places is desirable, and this may be said to be 
the standard table. We print herewith a sample page from such a 
table. This page contains the logarithms of all numbers between 
25600 and 26100, or. more correctly, the mantissas of the log- 
arithms of these numbers. For, since the characteristic of the 
common logarithm of any number can always be found by inspec- 
tion, characteristics are never printed in such tables. 

Suppose we wish to find the logarithm of 25964. Then know- 
ing that the characteristic of the logarithm of 25964 is 4. we will 
find the mantissa from the table. We run down the column headed 
Num. until we come to the figures 2596. We then run across the 
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A sample pa^e from a fable of logarithm 
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page on the same horizontal line with 2596 until we come to the 
column headed 4, at which place will he found the figures 3716, 
which are the last four figures of the required mantissa. The first 
three figures are found in the column headed o and are seen to be 
414. Whence the mantissa of the logarithm of 25964 is ,4143716, 
and therefore 

log 25964=4,4143716. 

Of course a decimal point belongs before the mantissa of each 
logarithm, and since, this fact is understood, it is unnecessary to 
print the decimal points in a table. 

Inasmuch as the first three figures of the mantissa are only 
printed in the column headed o, it is necessary- to mark the point 
at which these first three figures change. This is done by an 
asterisk {*) standing in the place of a cipher in the last four fig- 
ures. Thus to find the logarithm of 25646 we must note that the 
three figures change from 408 to 409 at the point 25645 (which is 
indicated by printing *o27 in place of 0027), and consequently 
log 25646=4.4090196. 

The dagger (t) which appears in colunm o is intended to cau- 
tion us that the first three figures change at some place in the 
same horizontal line with it. 

If we wish to find the logarithm of a number consisting of more 
than five figures, say 25705.84, then we miist take the nearest 
number whose logarithm is given in the table, that is to say, 
25706.00. Thus 

log 25705.84=4.4100345, neariy. 

Greater accuracy may be secured by means of tables of dif- 
ferences and multiples, as is explained in connection with any 
good table of logarithms. 

A table of logarithms of numbers from i to looooo can be used 
to find the logarithm of any number consisting of five significant 
figures. Thus to find the logarithm of 25.964 we entirely neglect 
the decimal point in finding the mantissa, as the decimal point 
affects the characteristic alone. Thus 

log 25.964=1.4143716. 

A table of logarithms also enables us to find the number corre- 
sponding to any given logarithm by a mere reversal of the process 
already explained. Thus all numbers the mantissas of whose 
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logarithms lie between ,4082400 and .4166239 are on the speci- '1 
men page we give. Suppose, as an example, that we wish to 
find the number corresponding to the logarithm 2.4127469. The 
characteristic merely affects the decimal point, and consequently 
the problem is merely to find the significant figures which cor- 
respond to the given mantissa. The nearest mantissa printed in 
the table is .4127461 and this corresponds to the figures 25867. 
Hence, pointing off the number by means of the characteristic, we 
find that the number whose logarithm is 2.4127469 is 258.67. 
In connection with tables of logarithms methods are explained by 
means of which more figures of this number could be found by 
means of tables of multiples and differences, or of proportional parts. 

22. Examples. 

Find the logarithm of 25734. 
Find the logarithm of 26000000. 
Find the logarithm of 25.999 
Find the logarithm of .02578411 
Find the logarithm of .260099 
Find the number whose logarithi 
Find the number whose logarithi 
Find the number whose logarithm is 2. 
Find the number whose logarithi 
Find the number whose logarithi 

23. Multiplication by Logarithms. Formula (a) (Art. 7) 
enables us to find the product of several numbers by means of a 
table of logarithms. Thus, suppose we wish the product of 9S 
by 265. From a table of logarithms we find 

log 98= 1.9912261 

log 265= 2.423245 9 

log 98 X 265=4.4144720 

From the table of logarithms (see sample page) it is found that 

4,4144720 is the logarithm of 25970. Therefore 98 X 265=25970. 



is 3 


4147561 


iso 


4104400 


is 2 


415999 


isT 


4094094 


is 7 


4100000 
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24. Examples IN Multiplication. 

1. Log 327-45=2-5i5M50 and log 79.493= 1.9003839 ; find 
the product of 327.45 x 79,493. 

2- Log .53927= 1.7318063 and log 4.7655=0.6781085; find 
the product of .53927X4,7655. 

3. Log 6.3274=0.8012253 and log 1645.6=3.2163243 ; find 
the product of 6.3274x1645.6. 

25. Examples in Division. See Art. 8. 
I. Find the quotient of 327.45 by 1645.6. 

From a table of logarithms we find 

log 327.45= Z.5151450 

log 1645.6= 3.2163243 

log 327.45-5-1645.6=1.2988207 
It is seen from a table of logarithms that the number corre- 
sponding to the logarithm 1.2988207 is«. 199014- Therefore 
327-45-^i645.6=. 19901-)- 

3. Log 53.927=1.7318063 and log 2.0734=0.3164736; find 
the quotient of 53.927-H2.0724, 

3. Log 33333=4-5228744 and log 13001=4.1139768; find 
the value of ^g|. 

4. Log 54321=4.7349678 and log 20.877 = 1.3196681 ; find 
the value of 54321^-20.877. 

26. Examples in Involution. See Art. 9. 

1. Find the third power of 1373.3. 
From a table of logarithms we find that 

logi373-3=3-i377654 

3 

whence log (i373-3)^=9.4i32962 

From the sample page it is seen that the number whose logar- 
ithm is 9.4132962 equals 259000C000, nearly. Therefore 
('373-3)'=25900ooooo, nearly. 

2. Find the fifth power of 1.9201, whose logarithm is 
0.2833238. 
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_;. Find the tenth power of .69353, whose logarithm, is 
1. 8410653. 

4: Kind the seventh power of 15.926, whose logarithm is 

1.2021067, 

27. Examples in Evolution. See Art. 10. 
/. Find the cube root of 26. 

From a table of logarithms we find 

log 26=1.4141374 
Therefore log '(^26=0.4713791 

The number whose logarithm is 0.4713791 is found to be 
2.9606 + 

Hence V26=2.96o64- 

2. Find the square root of 668.63, whose logarithm is 
2.8251859. 

J. Find the fifth root of 1 109600000000, whose logarithm 
is 12.0451664. ■ 

4.. Find the tenth root of 1.384, whose logarithm is 
0.1411675. 

28. Exponential Series. The Exponential Series, or the 
Exponential Theorem, as it is often called, is an expansion oi a^ 
in teniis of the ascending powers of-f. The following demonstra- 
tion* of this important theorem is due to Mr. J. M, Schaeberle, of 
the Lick Observatory, and is inserted here with his permission. 

We are required to expand u'in a series of ascending powers of 
.1'. Assume 

a'=A + BA-+C-i-'+D.v'+E-r'+ ... (i) 

where A, B, C, etc., are undetermined coefficients. 

The limit of the left-hand side of this equation as x approaches 
o is plainly I. The limit of the right-hand side of this equation 
as X approaches o is A. (See XI, Art. 26.) 

Therefore A=i. 

Substituting this value of A in (\) and then squaring both 
members, 
fl- = i+2B:v+(zC + B'}.v'+(2D + 2CB)j:^ 

+ (2E+2DB + C").J^+ ... (2) 

*9ee Jimi.iU ri/ .Viit/iBiun (fca, Vol, III, p, 16 J, 
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But if we substitute 2X in place of x in equation (1) we obtain 
a"=i + 2BA-4-4C:r'+8D-r3+i6Ejr'+ ... (2,) 

Therefore, equating like powers of x in equations (2) and {},}, 
we obtain 

B=B; C=^"; D=^-; E= ^' ; etc. 
2 3 1.4 

Whence, on substituting these values of B, C, D, etc., equation 
f I j becomes 

a'=i + Bj:+ I, + I + ,--+ ■ ■ ■ (a) 

I? 13 [4 
Now, there must exist some quantity, e, at present unknown 
in value, such that 

t"--., (s) 

or, in other words, such that 

loge«=B. ((>) 

Substituting logeii for B throughout equation (^) we obtain 

cHyog^ay^x±og._.y^^ ^^^ 

1- 1 3 1 4 

which is called the Exponential Theorem or Series. 

29. To FIND THE Value of the Base e. The base a in the 
last article is any chosen positive quantity not i, and its value is 
therefore at our disposal. Hence in the exponential series (equa- 
tion 7) we may put a=e, so that loge" becomes logef ; that is, i. 
Equation (■]) then becomes 

This important result is convergent for all values of .x, (see 
XIV, Art. 12, Ex. 13,) and consequently the equation is true 
when jr= i . Therefore we have 

(•=1 + 1+ ' -1--^^ +•+... (2) 

If |3 |4 

By taking a sufficient number of tenns of this series we may 

approximate the value of e to any desired degree of accuracy. 

Thirteen terms of the series give ten places of decimals correctly 

and we have 

£=2.7182818284 ... (2,) 
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This number is one of the most important constants in mathe- 
matics. It is called the Naperian Base and is always represented 
by the letter e. Its value is known to more than 260 decimal 

places. 

30. Logarithmic Series. The Logarithmic Series is the ex- 
pansion of logeTi+Aj in terms of the ascending powers of j:. 
From the exponential series 

.■=, + rlog.»+-"'»?''""'+-'i<i°«-^+-^"°S-"''+. . .(.) 
; 2 3 |4 

Whence, transposing the i and dividing through by y. 

Therefore, since these variables are always equal, 

limit I «■- 1 1 limit L „ , ..rOog.")' .Xlog.o); 1 1 

Whence it is easy to see 

limit fa-'— n 

., ; o{ ,. j->«S""- 

Xow put I -k-x for a, then we have 
Expanding (\-\-xy by binomial formula, 



a; 



!og.r.+-v;=— x>+ ^^^ 






(5) 



1.2.3.4 

The limit of the right member as v ]; o can be plainly seen ; 
whence we obtain the equation 

logern-.r;=j;-^""+'^'-"*"'+ ... (6) 

234 
This is the Logarithmic Scries. 

31. CONVERGENCY OF THE SERIES. The above series is not 

convergent for values of x greater than i , and hence cannot be 
used for computing the logarithm of any integral number but 2. 
The following scheme will give a series which is available for 
computing the logarithms of all integers. 
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32. A Logarithmic Series Convergent for Integrai, 

Values of x. In the logarithmic series 

iogeri+;f;=^~^+|-^+ ... (1) 

Substitute — .r for x and we shall have 

x' X* x' 
\oge(i~xJ=—x~-— —--— . . . (2) 

234 
Subtracting ('2 j from f i^, obsemng that logefi+x)—\oge(i—x) 

^loge ., we obtain 

log,|+J-2|-.-+i.t.+ ^r■+l*'-^ . . . j (3) 

Xow put .v= — — , whence i+x^ ---r—, i~x= --—', and 



r+-v 



Therefore we obtain 



Whence, since loge- '"=logef i-f «i— loge^, by substituting and 
transposing logos we have 

This series converges rapidly for integral values of 2. Its use 
in computing the logarithms of numbers will now be explained. 

33. To Compute THE Naperiak Logarithms of Numbers. 

The logarithm of 1 is o in all systems. To compute logez, put 
s= I in equation (^) above. We then obtain 

ioge2=2 --^ ,+ ,+ _+- —.-I n+- ■ ■ =-6931472 

(3 3-3' 5-3' 7-3' 9-3' ii-3 J 

Kow put 2=2 in equation (5}. Then we have 

ioge3=-693i472+2! ■+-'--,+ . ^+-^+'-,+. 1=1.0986123 
15 3-5 5-5 7-5 9'5 J 
To find loge4 we know log(,4=!oge2==2 logo2 ; whence 
loge4="-3862944 
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To find logoS, put s=4 in equation (5). We then have 
log«5=i-3862944+2i^ + ^,+ ^'g5+T"g;+- ■ - ! = 1-6094379. 

In like manner the logarithms of all numbers may be found. 
The logarithms of composite numbers need not be computed by 
the series, since the logarithm of any composite number can be 
found by adding the logarithms of its component factors. 

34. Relation Between the Logarithms of the S.oie 
Number in Different Systems. 

Consider the systems whose bases are a and e. Then if n is any 
number, we wish to find the relation between loggw and log,iW. 

Let jr=loge» and j'=log;,?i. 

Then n=e^ and n=a-'; 

whence r'=(t'. (i) 

Therefore a=e^. (2) 

If we write this in logarithmic notation we bave 



or, substituting the values of ^ and j, we obtain 
log„K 



(A) 



Therefore log„w= ---logeW, ($) 

which is the relation between log,|W and logew. 

35. Modulus of Common Logarithms. If in equation (5) 
above we understand e to represent the Naperian base and a the 
common base, then equation (^) becomes 

^°S"=logl.o'°^«"- '■'^ 

But Iogeio=loge2 + lpge5=(by Art. 33J z. 3025851 and . -— 

= .43429448 Therefore representing .43429448 by M we have 

log M=M loge«. (2) 

The decimal represented by M is known to 282 decimal places 

and is called the Modulus of the system of common logarithms. 
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Equation (2) is seen to express the important truth that /fic 
common logarithm of atty number can be obtained by multiplying 
the Xaperian logarithm of thai number by the modulus of the com- 
7Hon system. 

36. CoMvuTATio'N OF COMMON LOGARITHMS. We Can now 
compute the common logarithms of numbers. We merely need to 
multiply each of the Naperian logarithms already found by the 
moduliLS .43429448 . . In this manner we find 

log 2=0.3010300 
log 3=o.477[2r3 
log 4=0.6020600 
log 5=0.6989700 
etc. etc. 

How can 3'ou find log 6 ? 

37. HrsToaic All Note. Thd invention ol logarllhins isn'Rnnled as one ■ 
of the greatest discuverleH in mnthematlual ecieaoe. Tim honor ut the liivcn- 
tlun OB well as of the coDstruction of Ihe ilrst li^garithralc table belongs to a 
Scotchman, John Napier (1550-1617), baron or Merchlston. His livst work, 
Mirififi logarithmoram canoniH deMcrijitio, appeared iu Ifil4 and contained an 
account of the nature of logarithmH (from his standpoint) anU a table of nataral 
siiiea and their logarithms to seven or eight figures. But Napier's logarithms 
were not the same as those now called Naperian logarithms. The base ot his 
system was not e, although closely related to it. 

Henry Briggs, professor of geometry at Gresham College, London, was much 
Interested in Napier's invention and in ltil.')vlsitedNapierandsuggesb>d tohim 
the advantages of a system of logarithms in which the logarithm ot 1 should 
be and the logarithm of 10 should be I. Napier, having already thought of 
the change, gave Briggs every encouragement to compute a system of the 
new logarithms and made many impottant suggestions, among wbioh was that 
ol keeping the mantissas of all logarithms positive by using negative char- 
acteristics. In liJlT Briggs published the common logni ithms of the first lUOU 
numbers, the book being QallaA I,ogarithmorum ckitiaa primi. Briggs con- 
tinued to labor at the calculation of logarithms, and in 1624 published his 
Arithmftica Logarilhmica, which contained the logarithms of the numbers 
from 1 to 21)000 and from aoooo to IflOOOO'to 14 places of decimals. This gap 
between 20000 and 90000 was filled up by Adrian Vlacq. who published in Win 
the logarithms of the nnmbers from 1 to 100000 to ten pla<;es. Vlacq'a table 
is the source from which nearly ail the tables have been derived which have 
subsequently been published. 
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The meaning of lofjarithnM t^) Napiornnd Bi'i^swas eutlrelj' dfffoi'oiit from 
that w(i now have. Thoy never thought of connecting logarithms with the 
Idea of an encponeot, and consequently hod no conception of what we i-all the 
, baee of the tiystem. Their idea of logarithm is contained in the meaning of 
the term itself, which comes fi-om two Giveli words meaning the iiiiMber of 
the ralioB. This idea of a logarithm is thus exolaltied: Suppose the ratio of 
I to 111 Ik^ divided into a large number of eijual ratios (or factoi-a). say lOOIIOIK). 
Then it ia true that the ratio ot 1 to'^ la composed of :^l)IO:tl) of tliese eijuul ratios 
(or factors), and 3011130. tke. number of the ration, ia the logarithm of 2. In 
the same way the ratio of 1 to 3 is composed of 4771^1 of these equal ratios 
(or factors), and Uie logarithm of '.i is hence said to be 477121. 

The first methods used for computing logarithms were very tedious. The 
great woi'k of computing was flnlshe<l long botoro the disi-oven,* of tlie log- 
arithmic series. 

The above note is derived from J. W. L. GltUsher's article on Logarithms 
In the Encyclopedia BritAnniua, 



THE END. 
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